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Q\ . Abstract 



This is the first paper in a series of two which proves a version of 
^^ | a theorem of Harish-Chandra for quantum symmetric spaces in the 

maximally split case: There is a Harish-Chandra map which induces 
an isomorphism between the ring of quantum invariant differential op- 
erators and the ring of invariants of a certain Laurent polynomial ring 
under an action of the restricted Weyl group. Here, we establish this 
result for all quantum symmetric spaces defined using irreducible sym- 
metric pairs not of type EIII, EIV, EVII, or EIX. A quantum version 
of a related theorem due to Helgason is also obtained: The image of 
5_i ■ the center under this Harish-Chandra map is the entire invariant ring 



if and only if the underlying irreducible symmetric pair is not one of 
these four types. 

Introduction 

In [HC2, Section 4], Harish-Chandra proved the following fundamental result 
for semisimple Lie groups: the Harish-Chandra map induces an isomorphism 
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between the ring of invariant differential operators on a symmetric space and 
invariants of an appropriate polynomial ring under the restricted Weyl group. 
When the symmetric space is simply a complex semisimple Lie group, this 
result is Harish-Chandra's famous realization of the center of the enveloping 
algebra of a semisimple Lie algebra as Weyl group invariants of the Cartan 
subalgebra ([HC1]). Helgason further refined Harish-Chandra's result by an- 
alyzing the image of those invariant differential operators which come from 
the center of the enveloping algebra under the Harish-Chandra homomor- 
phism ([He]). This paper is the first of two papers which establish quantum 
analogs for these results of Harish-Chandra and Helgason in the recently 
developed theory of quantum symmetric spaces (see [L3],[L4], and [L5]). 

There is an underlying symmetric pair of Lie algebras g, g e associated to 
each symmetric space. Here, q is a complex semisimple Lie algebra and g d 
is the Lie subalgebra fixed by an involution 9. In this algebraic framework, 
invariant differential operators on the symmetric space correspond to ad g d 
invariant elements of U(g). Thus quantum invariant differential operators 
should "be" elements of the quantum analog of the fixed ring of U(g) under 
the action of $ e . In fact, a quantum symmetric pair consists of the quantized 
enveloping algebra of g and a coideal subalgebra B which plays the role of 
U(g, d ). The study of quantum invariant differential operators is an analysis 
of the ring U B of invariants in the (simply connected) quantized enveloping 
algebra U of q with respect to the right adjoint action of B. (We assume 
that U is an algebra over the algebraic closure C of the rational function field 

c(?)0 

Let a denote the eigenspace for 9 with eigenvalue —1 inside a maximally 
split Cartan subalgebra \) of q. In the classical case, the Harish-Chandra map 
associated to q, g, 9 is the projection from U(g) onto the enveloping algebra of 
a, defined using the Iwasawa decomposition of g. This picture can be lifted 
to the quantum setting as follows. The Cartan subalgebra U° of U is the 
group algebra of a multiplicative group T isomorphic to the weight lattice of 
0. The quantum analog of o is the multiplicative subgroup A of an extension 
of T isomorphic to the image of the weight lattice of g under the restriction 
map from fj* to a*. Using a quantum version of the Iwasawa decomposition 
(Theorem 2.2 below), the quantum Harish-Chandra map Vb is a projection 
of U onto C[A}. 

The restricted root system E associated to the pair g, g 9 spans the vector 
space o*. Thus the action of the restricted Weyl group W@ on X induces 



an action of W@ on A. This action can be further twisted to a dotted 
(or translated) action of Wq on C[A]. Let A denote the subgroup of A 
corresponding to the weight lattice of the root system 2E. The center of U, 
denoted by Z(U), is a subring of U B . 

Recall that irreducible symmetric pairs g, g e are classified in [A], and each 
pair or family of pairs is given a name which is called its "type" . We assume 
that g, g e is irreducible. The analogous results for arbitrary symmetric pairs 
of Lie algebras are easily deduced from their decomposition into a direct sum 
of irreducible ones. The main result of this paper is 

Theorem^see Theorem 6.1) The image ofZ(U) underVs is equal to C[A] We " 
if and only if g,g d is not of type EIII, EIV, EVII, or EIX. Moreover, in these 
cases, V B (U B ) = V b (Z(U)). 

Perhaps the most intricate part in the proof of the above theorem is 
showing that Vb{U b ) is invariant under the dotted action of Wq. Recall 
that there is no direct quantum version of the Lie group G associated to g; 
there is only a quantum analog of the ring of regular functions on G. Thus 
the analytic techniques used in Harish-Chandra's original work [HC2] are 
unavailable here. Lepowsky's algebraic proof [Le] using the Cartan decom- 
position of q with respect to q 9 cannot be adapted to the quantum setting 
because there is no obvious quantum Cartan decomposition. For the cases 
considered in the theorem, the dotted Wq invariance of Vb(U b ) ultimately 
follows from the dotted Wq invariance of Vb{Z(U)) and the equality of these 
two algebras established at the end of the paper. 

The first step in the proof of the theorem is to refine the codomain of 
Vb upon restriction to U B . We exploit the fact that U B is a subring of the 
locally finite part F r (U) of U in order to show Vb(U b ) is contained in C[A]. 
Using a filtration of U introduced in [L5, Section 5], we further show that the 
possible highest degree terms of elements in Vb{U b ) are linear combinations 
of elements in A which correspond to antidominant integral weights in the 
weight lattice of 2E. 

It turns out that the restriction of Vb to Z(U) is just the composition 
of the ordinary quantum Harish-Chandra map V followed by restriction of 
Vb to If . It is well known that V(Z(U)) consists of the invariants of a par- 
ticular Laurent polynomial subring of U° with respect to the dotted action 
of the large Weyl group. Thus determining Vb{Z{U)) reduces to comput- 
ing the image of the invariants of this Laurent polynomial ring inside C[A]. 



When g, Q e is one of the four types EIII, EIV, EVII, EIX, we show that 
Vb{Z{U)) 7^ C^] 1 ^ 9 ' using specialization at q — 1 and the corresponding 
classical results. Unfortunately, specialization fails to show the other direc- 
tion of the primary assertion of the theorem. Instead, we use information 
relating the the weight lattice of the root system of g to that of E and a 
special basis of Z(U) to determine Vb(Z(U)). The proof turns out to be 
more delicate for those symmetric pairs related to the irreducible symmetric 
pair of type AIL In Section 6, we use combinatorial and character formula 
arguments to handle this special family. The last assertion of the theorem 
follows from a comparison of the set of highest degree terms of each of the 
three algebras V B (Z(U)), C[A] Wb -, and V B (U B )- 

Now suppose that q, g e is of type EIII, EIV, EVII, or EIX. In the sequel to 
this paper [L6], we show that Vb(U b ) = C[A] W& - in these cases as well. Thus 
this paper and [L6] establish complete quantum analogs of Harish-Chandra's 
and Helgason's results on the image of invariant differential operators under 
the Harish- Chandra map. Moreover, in [L6], we find a particular nice basis 
for Vb(U b ) related to a special family of difference operators for Macdonald 
polynomials. 

There is another function on If, the radial component map X, which is 
closely related to Vb and is useful in analyzing Vb(U b )- We show that the 
map which sends Vb(u) to X{u) defines an algebra isomorphism of Vb(U b ) 
onto X(U B ). This enables us to determine the kernel of Vb{U b ). It should 
be noted that the quotient of U B modulo this kernel is the exact quantum 
analog of the ring of invariant differential operators on the corresponding 
symmetric space. Furthermore, the main theorem and [L6, Corollary 4.2] 
ensures that X(U B ) is a polynomial ring in rank £ variables. With the 
help of X, we interpret elements of U B as difference operators acting on 
the character group ring of 2E. It is precisely this interpretation that leads 
to the identification of quantum zonal spherical functions as Macdonald (or 
Macdonald-Koornwinder) polynomials (see for example [N], [NS], [L5], [DN], 
[NDS], and [DS]). The theorem and its extension in [L6] ensure that X(U B ) 
forms a completely integrable system of difference operators whose eigenfunc- 
tions are the orthogonal polynomials associated to quantum zonal spherical 
functions. 

We briefly describe the organization of this paper. Section 1 sets notation 
and recalls basic facts about quantized enveloping algebras, restricted root 
systems, and quantum symmetric pairs. In Section 2, we review and general- 



ize the construction of the Harish- Chandra map Vb defined in [L5]. Section 
3 is a detailed study of the image of the weight lattice P(tt) under the map 
defined by restriction to o. The definition of the quantum radial component 
map X and the filtration on U as described in [L5] are extended to the general 
case in Section 4. Connections between Vb(U b ) and X{U B ) are established, 
leading to a nice description of the possible highest degree terms of elements 
in Vb{U b ). The main result is proved in Sections 5 and 6. Section 5 handles 
the four exceptional cases EIII, EIV, EVII, and EIX using specialization and 
those irreducible symmetric pairs which satisfy P + (tt) = P + (S). Section 6 
is devoted to the proof of the main theorem for those irreducible symmetric 
pairs g, g e which contain a symmetric pair of type AIL 
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1 Background and Notation 

Let C denote the complex numbers, Q denote the rational numbers, Z denote 
the integers, R denote the real numbers, N denote the nonnegative integers, 
and q denote an indeterminate. Let {q r \ r G Q} denote the multiplicative 
group isomorphic to Q using the map q r i— > r. Write C for the algebraic 
closure of the group algebra of {q r \ r G Q} over C. Note that the group 
algebra of {q r \ r G Q} over R can be made into an ordered field in a manner 
similar to the rational function field R(#) (see [Ja, Section 5.1]). Let 1Z be 
the real algebraic closure of the group algebra of {q r \ r G Q} over R. 

Suppose that $ is a root system. Write Q(&) for the root lattice and let 
Q + ($) be the subset of Q($) equal to the N span of the positive roots in 
$. Let P($) denote the weight lattice of $ and let P + (<&) be the subset of 
P($) consisting of dominant integral weights. (Sometimes we replace $ with 
the symbol used to represent the positive simple roots in the notation for the 
weight and root lattices and their subsets.) 

Let g be a complex semisimple Lie algebra with triangular decomposition 
g = n~ © f) © n + . Let 9 be a maximally split involution with respect to the 
fixed Cartan subalgebra t) of g and the above triangular decomposition in the 
sense of [L3, (7.1), (7.2), and (7.3)]. Write g 9 for the fixed Lie subalgebra 
of g with respect to 9. The pair g, g e is a classical (infinitesimal) symmetric 



pair. We assume throughout the paper that g, g e is an irreducible symmetric 
pair in the sense of [A] (see also [L4, Section 7]). The results of this paper 
extend in a straightforward manner to the general case. 

There are two root systems associated to g,g e . The first is the ordinary 
root system of g which we denote by A. Let ( , ) denote the corresponding 
Cartan inner product on A. Here we assume that the positive roots of A 
correspond to the root vectors in n + . Write n = {a±, . . . , a n } for the positive 
simple roots of A. We use "<" to denote the usual partial order on tj*. In 
particular, given a and /3 in [)*, we say that a < /3 if and only if /3— a G Q + {ti). 

The second root system is the set of restricted roots £ defined using the 
involution 9. More precisely, 9 induces an involution G on fj* which restricts 
to an involution on A. Given a G \j*, set a = (a — 0(a))/2. The restricted 
root system £ is the set 

£ = {a\a G A and 0(a) ^ a}. 

Moreover, £ inherits the structure of a root system using the inner product 
of A ([Kn, Chapter VI, Section 4]). Recall [L3 , Section 7, (7.5)] that there 
exists a permutation p of the set {1, 2, . . . , n} such that p induces a diagram 
automorphism on n and 

e(-a,)-a pW GQ + (7r©) (1.1) 

for each i. Set n* = {ai G n \ n*\ i < p(i)}- The set {&i\ a.^ G n*} is the set 
of positive simple roots for the root system E. 

Let U = U q (g) denote the quantized enveloping algebra of g. The algebra 
U is a Hopf algebra over C with generators x^y^tf 1 , 1 < i < n, subject to 
the relations and Hopf structure given in [L3, Section 1, (1.4)-(1.10)] or [Jo, 
3.2.9]. Let T denote the group generated by ti, 1 < i < n, let U + denote the 
subalgebra of U generated by Xi, 1 < i < n, and let G~ denote the subalgebra 
of U generated by 2/j£i, 1 < % < n. Let U° denote the group algebra generated 
byT. 

Let r denote the group isomorphism from the additive group Q{ii) to 
the multiplicative group T defined by t(o:j) = ti for 1 < i < n. Given a 
vector subspace S of U, the (5 weight space of S, denoted by Sp, is the set 
all elements s in S which satisfy 

r( 7 )sr(-7) = q^'^s (1.2) 



for all 7(7) G T. 

Sometimes it will be necessary to consider larger algebras than U which 
are obtained using extensions of the group T. In particular, suppose that M is 
a multiplicative monoid isomorphic to an additive submonoid of J2i<i< n Q a i 
via the obvious extension of r. Then the algebra UM is just the algebra 
generated by U and M subject to the additional relation (1.2) for each t{^) G 
M and s G Up. It is straightforward to check that when M is a group, the 
Hopf algebra structure of U extends to UM. Recall that the augmentation 
ideal of a Hopf algebra is just the kernel of the counit. If UM is a Hopf 
algebgra and A is a subalgebra, then we write A + to denote the intersection 
of a A with the augmentation ideal of AM. 

The most common extension of the type described in the previous para- 
graph is the simply connecting quantized enveloping algebra, denoted by U 
([Jo, Section 3.2.10]). Here, the multiplicative monoid M is the group T 
which is the extension of T isomorphic to the weight lattice P(ir) via r. Let 
U° denote the group algebra generated by T. 

A quantum analog of U(g d ) inside of U q (g) is a maximal left coideal sub- 
algebra of U q (g) which specializes to U(g, ) as q goes to 1. Quantum analogs 
of U(q 6 ) inside of U q (g) are classified in [L3, Section 7]; a full description 
of the generators and relations for all quantum analogs of U(g ) associ- 
ated to each irreducible symmetric pair g, q can be found in [L4, Section 
7]. We briefly describe here the construction of these coideal subalgebras. 
Set 7Te = {ai|0(a!i) = a,{\. Let M. denote the Hopf subalgebra of U gen- 
erated by x^y^tf 1 for en G 7r . Let T be the subgroup of T defined by 
Te = {t(//)| /i G Q(ir) and 0(/i) = //}. The involution 9 of q lifts to a C 
algebra isomorphism 9 of U ([L3, Theorem 7.1]). Set 

Bi = ViU + 9(yi)ti 

for all oil G ir\ -kq. The standard quantum analog of U($ e ) inside of U q (g) is 
the algebra Bg generated by At, Tq, and B t for a.{ G n \ n@. 

For most irreducible symmetric pairs, any quantum analog of U(g e ) inside 
of U q (g) is isomorphic to Bg via a Hopf algebra automorphism of U q (g). 
However, under certain circumstances, U(q 9 ) admits a one parameter family 
of analogs. Define two subsets S and V of n* by 

( CX ' 01 ■ ) 

S = {a,i G 7r*| @(«j) = —Oii, an d if Q(aj) = —aj then — — — ^— G Z} 



and 

V = {ttj G 7r*| i 7^ p(i), and (««, 0(a:j)) ^ 0}. 

Since we are assuming that q, g e is irreducible, it follows that S WD has at 
most one element ([L4, Section 2 and Section 7]). Suppose first that S is not 
empty. Given s G C, let B ds i be the subalgebra of U q (o) generated by A4, 
Tq, and Bi for ai G 7r \ (7re U <S) and -Bj, s ,i for ctj G <S where 

B i,s,i = Vjtj + 0(Vj)tj + st r 

Note that when s = 0, the algebra -Be,o,i is just the standard quantum analog 
Bq. Now consider the case when T> is nonempty. Then given d G C with 
d t^ 0, let i?6»,o,d be the subalgebra of U q (g) generated by M., Tq, Bi for 
c*i G n \ (tvq U V) and -Bj,o,d for olj G "D where 

5j )0l d = Vjtj + d0(yj)tj. 

In the special case when d — 1, we have that -Be,o,i is just the standard analog 
Bq. Given a, G 5, B isl is shortened to i?j when s can be read from context. 
A similar convention is applied to B i0d for «j G X>. Set Sj = s for a, G 5 
and Si = for all «» ^ *S. Similarly, set di = d for ctj G "D and set di — 1 for 
all ctj ^ X>. In order to make arguments in the general case, it will often be 
convenient to write each Bi as 

Bi = yiU + di0{yi) + SiU. 

Let U-ji be the 1Z subalgebra of U generated by Xi^y^tf 1 for 1 < i < n. 
A subalgebra B of U q (g) is called real if B = (B n C/ w ) ©i(Bn C/^). Note 
that the standard analog Bq is real since it is generated by elements of U-r. 
More generally, when S is nonempty, -Be, s ,i is real provided s G 1Z. Similarly, 
when V is nonempty, £>e,o,d is re& l provided d ElZ. 

We define a family £> of coideal subalgebras of U associated to q,q 9 as 
follows. Let H denote the set of Hopf algebra automorphisms of U which fix 
elements of T. Note that H acts on the set of coideal subalgebras of U. If 
S U V is empty, set B equal to the orbit of Bq under H. If S is nonempty, 
set B equal to the union of the orbits of the set {Bq jS ^\s G 11} under H. If V 
is nonempty, set B equal to the union of the orbits of the set {B eQtd \d G 1Z 
and d ^ 0} under H. By [L3, Theorem 7.5], any real quantum analog of 
U(q ) inside U is isomorphic via a Hopf algebra automorphism in H to some 



element of B. It should be noted, however, that not every element in B is a 
quantum analog of U(g e ) inside U since not all the subalgebras in B specialize 
to U(q 9 ) as q goes to 1. For example, if S is nonempty, then Bq s1 specializes 
to U(g, e ) if and only if s specializes to 0. Despite this fact, we will refer to 
the set B as the orbit under H of the set of real quantum analogs of U(q 6 ) 
inside of U(g). 

Let F r (U) denote the locally finite part of U with respect to the right 
adjoint action ad r . It follows from [L4, Theorem 3.1], that for each B G B 
there exists a conjugate linear algebra antiautomorphism of U which restricts 
to an antiautomorpism of B. Thus we have the following version of [L3, 
Theorem 7.6] and [L2, Theorem 3.5]. 

Theorem 1.1 Given B G B, the action of B on F r (U) is semisimple. More- 
over, ifV is a finite dimensional (ad r B) submodule oflf, then V is a subset 
ofF r (U). 

For each B G B, let U B denote the set of B invariants of U with respect 
to the right adjoint action. By [L5, Lemma 3.5], U B is just the centralizer in 
U of B. It follows that the center Z(U) of U is contained in U B . Since U B 
is just a direct sum of one-dimensional simple B modules, we see from the 
above theorem that U B is a submodule of F r (U). 

For each A G P{ft) U -P(S), let z x be the algebra homomorphism from U° 
to C defined by 2 A (r( 7 )) = q^ x ^ for all 7 G P(n). Given A G Hom(C/°,C), 
let L(A) denote the simple U module with highest weight A. If A = z x for 
some A G P(ir), then we write L(A) as L(X). 

For any multiplicative group G, we write C[G] for the group algebra gen- 
erated by G over C. This notation will be applied to groups as well as 
multiplicative monoids related to T. Now suppose that H is an additive 
group such as P(n) or Q(S). Let < z x \ A G H > denote the multiplicative 
group isomorphic to H via the map which sends z x to A. We write C[H] for 
the group algebra of the multiplicative group < z x \ A G H >. 

An appendix with the definition of symbols introduced after this sec- 
tion can be found at the end of the paper. For undefined notions or more 
information about notation, the reader is referred to [Jo] or [L5]. 



2 The Harish- Chandra Map 

In this section, we construct a quantum Harish-Chandra map associated to 
the symmetric pair g, g e . The procedure involves four tensor product decom- 
positions of the quantized enveloping algebra with respect to a subalgebra 
B G B. The results establishing these decompositions parallels the material 
presented in [L5, Section 2]. However, the theorems in [L5, Section 2] are 
only proved for the standard analogs of U($ e ) which have a reduced restricted 
root system E. In particular, we first generalize [L5, Lemma 2.1] and [L5, 
Theorem 2.2] so that it applies to all coideal subalgebras in B associated 
to any irreducible symmetric pair q,q . The quantum Harish-Chandra map 
associated to an algebra B G B is then defined using these decompositions. 
The end of the section focuses on the restriction of this map to the (ad r B) 
invariants of If. The tensor product decompositions of this section are also 
used in Section 4 to generalize the notion of radial components defined in 
[L5, Section 3]. 

We introduce some notation from [L5, Section 2]. Set M. + = AinU + and 
7W = M f)G~. Write ad for the left adjoint action of U on itself. Let N + be 
the subalgebra of U + generated by the (ad A4 + ) module (ad M. + )C[xi\ai <£ 
n@\. Similarly, let N~ be the subalgebra of G~ generated by the (ad M.) 
module (ad M.~)C[yiti\ai <£ ire]- Given (3 G Q(ir) and a subspace S of U, we 
write Sfo for the sum of the weight subspaces Sp of S with (3 = J3. Set T> 
equal to the multiplicative monoid generated by the tf for ctj G n* \ S and U 
for oil G S. Note that [L4, Lemma 3.5] implies that T> is just equal to the set 
{t(7)| 7 G Q + {ti) and 7 G P(2E)}. We have the following generalizations of 
[L5, Lemma 2.1] and [L5, Theorem 2.2]. 

Lemma 2.1 For each B G B, all /3, 7 G Q + (ir), and Y G U^GZg, we have 

(1) Y G N^ r B + Ep<to N P,r T > B 

(11) Y G BNZ^ r + e^^bt^n:^. 

Proof: Fix B G B. We consider here the proof of the first assertion; the 
second assertion follows with a similar argument. As in [L5], we may reduce 
to the case where Y is a monomial of the form y^t^ ■ ■ ■ yi m U m such that yi m ti m 
is not in B. Set (3 equal to the weight of Y. The proof in [L5] proceeds by 
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induction on m. In particular, we assume that all monomials in the yiti of 
length less than or equal tom-1 satisfy (i). Note that 

a1\ il yi"m~l ^m—1 ^m Im&l'l ^1 trim— 1 ^m — 1 \<y^mj %m 

~ s i m Vi\^i\ ' ' ' ^/im-i^m-i^m- 
By the proof of [L5, Lemma 2.1], both 

are contained in the right hand side of (i). 

Now suppose that Sj m 7^ 0. It follows that ai m G S and thus ti m G T>. 
Hence 

s i m yh^h ' ' ' yim-i^im-i^im ^ ^\J->\yii^h ' ' ' yim-i^im-i ■ 

Note that Nt, r T> = TL,Nt, r and N^,^ r t = tN^,^ r for each f3' and for each 
t G T>. The lemma now follows by applying the inductive hypothesis to 

Let T' be the subgroup of T generated by U for ccj G 7r*. The next 
result provides four tensor product decompositions of U. This generalizes 
[L5, Theorem 2.2] which is proved for the subset of standard analogs in B. 
Though the proof here is quite similar to the argument in [L5], one of the 
antiautomorphisms used in [L5] does not work in this more general setting. 

Theorem 2.2 For all B G B, there are vector space isomorphisms via the 
multiplication map 

(1) N + ®C[T']®B = U 

(11) B®C[T'}®N + ^U 

(m) N~ (g) C[T'] ® B = U 

(iv) B®C[T']®N- = U 

Proof: Fix B G B. By [L3, Section 6], the multiplication map induces an 
isomorphism 

U + = M + ®N + . (2.1) 
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Switching the order oi Ai + and N + , the same argument shows that multi- 
plication induces an isomorphism 

U + ^N + ®M + . (2.2) 

The triangular decomposition of U ([L5, (2.6)]) and (2.1) imply that multi- 
plication induces an isomorphism (see [L5, (2.8)]) 

U = G~ <g> M + <g> C[T @ ] <g> C[T'] <g> N + . 

A similar argument using (2.2) yields that multiplication also induces an 
isomorphism 

U = N + <g> C[T'\ (g) C[T e ] ®M + (g) G~. 

As explained in [L5] (see [L5,(2.9)] and subsequent discussion), the lowest 
weight term of an element b G B written as a sum of weight vectors is in 
G-M + T e . By [L3, Section 6 and (6.2)] and [Ke], we have G'M+Te = 
N-MT& = MT e N- = M + T e G-. Hence Bv n Bv' = and vB Dv'B = 
for any two linearly independent elements v and v' of T'N + . Therefore the 
multiplicaton map induces injections from B®C[T']®N + and iV + ®C[T"] <g)B 
into U. 

Recall that there is a antiautomorphism k, of U such that k{N~) = N + , 
k(B) = B, and k(U + ) = G~ (sec [L4, Theorem 3.1] and the proof of [L5, 
Theorem 2.2]). Applying k to the above yields injections from B®C\T']®N~ 
and iV~ ® C[T'] ® B into [/. 

By Lemma 2.1(i), U+G~ C N + T'B. Since T = T' x T e , it follows that 
[/ = U + G~T C N + T'B. Hence C/ = N + T'B and isomorphism (i) now 
follows. Assertion (iii) follows similarly from Lemma 2.1(h). Isomorphism 
(ii) now follows from (iii) and (iv) from (i) using the antiautomorphism k, as 
in the proof of [L5, Theorem 2.2]. □ 

We introduce two important groups related to T that will be used through- 
out the paper. Note that the group T can be extended to a larger group 
isomorphic to the additive group {/i/2| /i G -P(vr)} via the obvious exten- 
sion of r. Let A and Te be the subgroups of this extension defined by 
A = {r(/i)|ju 6 ^(vr)} and T e = {r(l/2(// + 0(aO)| /i 6 ^00 }■ Consider 
for the moment a G f/ B . It follow that a is a sum of weight vectors each of 

whose weight (3 satisfies 0(/9) = —/3. Thus the invariant ring U B is equal to 
ljBt e 

12 



We are now ready to define the quantum Harish-Chandra projection map 
with respect to a subalgebra B in B. Note that r(/i) = r(/i)r(l/2(/i+6(/i)) G 
ATq for all /i G -P(vr). Hence we have the inclusion: 

U° C C[i] © U°C[f e } + . (2.3) 

Theorem 2.2 and (2.3) imply the following inclusion for each B G B 

U C {{Bf e ) + U + iV+JL) © C[i]. (2.4) 

Definition 2.3 Tne (quantum) Harish-Chandra map with respect to the sym- 
metric pair g, Q e and subalgebra B in B is the projection Vb of U onto C[A] 
using the direct sum decomposition (2.4)- 

It should be noted that the map Vb is the same as the map V^ defined 
for standard analogs of U(g ) where £ is a reduced root system in [L5, im- 
mediately following (3.11)]. Note further that Vb is a linear map for each 
B G B. However, Vb is not an algebra homomorphism on U. The next result 
shows that Vb is an algebra homomorphism upon restriction to U B . 

Theorem 2.4 For all B G B the restriction of Vb to U B is an algebra 
homomorphism. 

Proof: Suppose that a and a' in U B . We have 

aa' G a{{BT @ ) + U + N+A) + aV B {a). 

Since a G U B , it follows that a{BT e ) + U C (BT e ) + U. Using (2.4) we have 

aN+A C UN+A = (Bf @ ) + U + N + A)N+A C ((BT @ ) + U + iV+A 

Hence 

aa' G (BT e ) + U + (aiV+Jl) + aP B (a) 

C (5T e )+t/ + iV+Ji) + V B (a)V B (a'). 

It follows that Vsi^d) = V b{o)V b{<i') ■ The theorem now follows from the 
fact that Vb is a linear map. □ 

Let A denote the subgroup of A consisting of those elements r(2/z) with 
/i G -P(S). (Note that this definition of A differs from the definition of A in 
[L5].) Let G + denote the subalgebra of U generated by x{t~ l for 1 < i < n 
and let U~ denote the subalgebra of U generated by yi for 1 < % < n. 

13 



Lemma 2.5 Suppose that u G U B . Then 

u e U + G-A+U + G-C[f e ] + . 

Proof: Recall (Theorem 1.1) that U B is a subset of F r (U). Moreover, F r (U) 
is a direct sum of ad r U submodules of the form (ad r U)r(2 r y) with 7 G 
P + (27r) (see [Jo, Section 7] and [L5, discussion preceding Lemma 7.2]). Thus 
it is sufficient to prove the lemma for u G £/ B n(ad r U)t(2j) where 7 G P + (n). 
As explained in [L5, discussion preceding Lemma 7.2], we have that 

(ad r £/)r(2 7 ) c X! G + U~t{2 1 -2h). (2.5) 

Now (ad r U)r{2 r )) can be written as a direct sum of simple (ad r U) 
modules. In particular, u is a sum of (ad r B) invariant vectors contained in 
simple (ad r U) submodules of (ad r U)r(2 r y). It follows from [L4, Theorem 
3.6] that u = X)agp(s) w 2X f° r some weight vectors w 2 ^ in (ad r U)r{2^) of 
weight 2A. Using (2.5), we can write 



w 



2A 



e E E GtUZffr(2r,-2ti 



^£Q+(tt) a -/3=2X 



for each A G -P(S). Now consider ct and (3 in Q + (7r) such that a — (3 = 
2 A. Note that G+ = U+r(-a) and Up = G~r(-/3). Hence G+Up = 
U + G-T(-2a)r(a - (3). Since a - (3 = 2A, it follows that r(a - /3) G A 
Therefore, 

116 ^ U + G-r(2r])A. 

Now 77 G Q(S) and hence r(2f/) G A for all 77 G Q(tt). The lemma now 
follows from the decomposition in (2.3). □ 

Recall the definition of T> given before Lemma 2.1. By [L4, Lemma 3.5], 
Qj/2 G -P(S) whenever aij G 5. It follows that r(/2) G A whenever r(fi) G T>. 
Hence by (2.3) and the discussion preceding it, we have that Vb(T>) C A. 
This fact combined with the previous lemma allows us to refine the codomain 
of TV 

Theorem 2.6 For all B G B, the image of U B under Vb is contained in 
C[A). 
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Proof: Let u G U B . By Lemma 2.5, there exists u' G U + G A such that 
Vb{u) = V B {u'). Note that U + G~A = AU+G-. It follows from Lemma 
2.1(i) and the above discussion that Vb{u') G C[A]- □ 

3 A comparison of two root systems 

Let B G B and consider for the moment the restriction of Vb to U°. The 
image of an element t{ji) under Vb is just r(/i). Thus there is a close con- 
nection between the quantum Harish- Chandra map Vb and the map ~ on 
\)* . This section is an analysis of the latter map. The image of the funda- 
mental weights associated to ir under the restriction map ~ are completely 
determined here. As a consequence, we establish necessary and sufficient 
conditions for P + (-k) to equal P + (E). This result is used to understand the 
image of the center Z(U) under Vb in Sections 5 and 6. 

For each 1 < i < n, set uji equal to the fundamental weight corresponding 
to the simple root ai. Recall that the restricted root system is either an 
ordinary reduced root system as classified in [H, Chapter III] or is nonreduced 
of type BC r for some integer r > 1 ([Kn, Chapter II, Section 5]). In the latter 
case, there is a unique simple root aij G n* such that both ci,- and 2<x,- are 
restricted roots. Let u^ denote the fundamental weight corresponding to the 
simple root 6ti with respect to the restricted root system. In particular, if 
2<5j is not a restricted root then (u^, ai) = (<Sj, <5j)/2 and if 2<Sj is a restricted 
root then (o^, 26lj) = (2<5j, 2&i)/2. 

We can break up the set {<Sj| a« G it*} into three cases. In each case, we 
give the value of (<5j, ctj). 

Case 1: 6(ttj) = — ccj. Then (on^on) = (a^aj). 

Case 2: 0(a:j) ^ —on, and (ai,Q(ai)) = 0. Then on = (a« — 0(ttj))/2 and 
(<Si,<Si) = (a>i,a>i)/2. 

Case 3: ©(«») ^ —on, and (aj,6(ttj)) ^ 0. In this case, oti + 0(— a«) is a 
root. Note that on = (—««). Hence, both 6li and 2(5j are roots in E. In 
particular, as an abstract root system, E must be of type BC r for some r. 
The only way this can happen is for (aj,9(aj)) = — (ctj, QLj)/2. It follows 
that (<5j,<5j) = («j,ttj)/4. 

Lemma 3.1 Supppose a,i G 7r*. If i = p(i) and «j 7^ 0(— aj) i/ien a)j = 2uj[. 
If i ^ p(i) or if ai = 0(— «») £/ien cjj = u;^. 
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Proof: Fix ccj G n*. Note that (&i,aj) = (ui,oij) = whenever a.j ^ «». It 
follows that uji is a scalar multiple of u[. Now 

(a)j, «j) = (ui, 5>i) = (1 + 5j P (j))(ai, a»)/4. 

Note that we can break up both Case 2 and Case 3 into two subcases de- 
pending on whether % = p(i) or % ^ p(i). The lemma follows from a straight- 
forward computation using the three cases above and the corresponding sub- 
cases. □ 

For each i such that a, G n*, set 7Tj = {<x,| (0^,0^) ^ 0}. Let & be the 
semisimple Lie subalgebra of q generated by the positive and negative root 
vectors corresponding to roots in 7Tj. Note that 9 restricts to an involution of 
0j and that Qi,gf is a rank one symmetric pair. In particular, the restricted 
root system Ej associated to gj, gf has rank one. Moreover E, = {±<3j} if 2a, 
is not a restricted root and E, = {±<Sj,±2q:j} otherwise. Let $ denote the 
longest positive root in Ej. Thus, if Ej is reduced then fa = &i and if E« is 
not reduced then fa = 2o>i. 

Lemma 3.2 For each oci G it*, there exists \ G -P(7r) snc/i £/ia£ (Xi, fa) = 
{fa,fa)/2. 

Proof: The proof of this lemma is a straightforward computation. The 
list below of possibilities for the rank one symmetric pair gi,gf can be de- 
duced from Araki's classification ([A], see also [L5, Section 4]) of irreducible 
symmetric pairs. For cases (3.3) through (3.7), we relabel the set 7Tj as 
{an, . . . ,ai r } using the second subscript to indicate the numbering of the 
simple roots for a particular root system as given in [H]. Given aij G 7Tj, 
we write o;„ for the fundamental weight in P(n) corresponding to the simple 
root a^ considered as an element in the larger set n. For each % with on G 7re, 
we provide at least one choice (which might not be the only choice) of \ in 
P(ir) satisfying the desired condition. 

0j is of type A\ with 7Tj = {ai}, @(««) = — ai, and A» = Ui (3.1) 

0j is of type A 1 x A\ with 7Tj = {ai, cx p (i)}, ©(««) = —a v u), and (3.2) 

Aj = iOi- 

di is of type A 3 with 7^ = {a a , a i2 , a i3 }, ai = a i2 , (3.3) 

@(«i2) = -tta - «J3 - «i2, and Aj = u a or A, = u a . 
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8i is of type A r with r>2,ii i = {an, . . . , a ir }, a { = an, (3.4) 

Q(otij) = -(Xij> -OLii- ...- a i<r -i where {],]'} = {1, r}, 

and Aj = Wji. 
0j is of type B r with 7Tj = {an, . . . , ai r }, ctj = an, (3.5) 

©(c^i) = ~ a n — 2ttj2 — • • • — 2aj r , and Aj = c<jj r . 
0j is of type D r with 7Tj = {ckji, . . . , aj r }, «« = a^i, (3.6) 

@(«a) = —Oii\ - 2a i2 2a iir ._ 2 - aj, r _i - « iir , 

and Aj = u;j r . 
0j is of type C r with 7Tj = {a a , . . . , a ir }, «j = a i2 , (3.7) 

Q(ai) = -an - a i2 - 2a i3 ... - 2a itr - 1 - a ir , and Aj = w ir . 
q,i is of type FA with q = Q, h oti = a*, (3.8) 

0(0:4) = —0:4 — 30:3 — 2o 2 — oi and A» = cu^.D 



Let VT denote the Weyl group associated to the root system of q and let 
Wq denote the Weyl group associated to the restricted root system S. It 
is well known that the restricted Weyl group We is a homomorphic image 
of the subgroup of W which leaves Q(E) invariant. (See [He, p. 791].) In 
particular, given w in Wq, there exists w in W such that w and w act the 
same on Q(E). 

In the next two lemmas, we examine the relationship between the integral 
weights associated to n and those associated to E. 

Lemma 3.3 The set P(ir) is a subset o/P(E). 

Proof: We need to show that each f3 G -P(7r) satisfies {(3, a) G Z(o,o)/2 for 
all a G E. Now suppose a G E. We can find w G Wq such that wa = di 
or wa = 2di for some ccj G 7r*. (The latter case can occur only if E is of 
type BC r for some r and a/2 is also a root.) By the discussion preceding the 
lemma, there exists w & W such that w = w upon restriction to (3(E). Since 
P(tt) is invariant under the action of W, we may assume that a is either di 
or 2d i for some ttj 6 tt*. 
By (1.1), we can write 

di = (an + a p ({) + Yl r j a i)/' 2 
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for some nonnegative integers Tj. Let u = J2j rn j UJ j be an element of P(ir). 
Note that (7, (3) = (7, J3) for any weights 7 and j3. It follows that 

(ui, ai) = (rriir^ai, a,) + m pW r p(i) (a pW , a pW ) + ^ ra^o,-, «j))/4. 

Note that if c^ satisfies the conditions of Case 1, then rj = for all aj G tiq 
and ttj = a p (i). Hence (o),q;j) = mjrj(o;j, a«)/2 G Z(a!j, <5j)/2. Now assume 
aj satisfies the conditions of Case 2 or Case 3. From the list of rank one 
symmetric pairs given above, one checks that gj is not of type G2. Hence 
for aj G 7Te, (aj,aj) = s(ai,ai) where s — 1,2, or 1/2. Moreover, this 
last possibility occurs if and only if gj is of type B r as in (3.4) and rrij 
equals 2. Hence Y^a-ene m j r j( a ji (X j) e Z(aj,«j). Since p induces a diagram 
automorphism on n, we have that (« p (j), « p (i)) = (««,««). Thus 

(a), on) G Z(oi, ai)/4. (3.9) 

It follows that (a), dj) G Z(dj, dj)/2 for all oti which satisfies the conditions of 
Case 2. Now assume that a^ satisfies the conditions of Case 3. In this case, 
(di,&i) = (aj,aj)/4. Therefore (3.9) implies that (d),2dj) G Z(2dj, 2dj)/2.D 

An immediate consequence of Lemma 3.3 is that P + (n) is a subset of 
P + (E). The next result will be used to determine which irreducible symmet- 
ric pairs satisfy P + (n) = P + (E). 

Lemma 3.4 Suppose that each oti G n* satisfies one of the following condi- 
tions. 

(i) ©(ttj) = -en 

(ii) i ^ p(z) 

finj ©(ctj) = — ttp(j) /or all j 7^ 2 

ThenP+in) = P+(E). 

Proof: If aj satisfies (i) or (ii) then Lemma 3.1 implies that u)j = u[. Suppose 
aj satisfies the conditions of (iii). Then 7r e fl {ak\ (u)k, otj) ¥" 0} is the empty 
set for j 7^ i. Hence (u^, dj) = for a fc G 7r e and j 7^ i Let Aj G P + {jt) be 
chosen as in Lemma 3.3. It follows that A« = uj[. □ 
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In Theorem 3.6, we find necessary and sufficient conditions for P + (tt) to 
equal P + (E). First, we take a look at a family of symmetric pairs for which 
this equality fails. Consider first the special case when the symmetric pair 
g,g e is of type AIL It follows that n® = {q;2j+i| < % < t} and the simple 
restricted roots are 

«2i = («2j-l + 2« 2 j + «2i+l)/2 (3.10) 

for 1 < % < t. Now assume that the Lie algebra g is of classical type, g 
contains a 9 invariant Lie subalgebra r such that r, x e is of type All, and the 
rank of the restricted root system associated to r, x e is t — 1. It follows that 
the first t — 1 simple restricted roots are given by the formula in (3.10). We 
list below the possibilities for g, g 6 * under these assumptions. The formula 
of the last simple restricted root is given and the corresponding rank one 
symmetric pair is identified for the last four types. 

(3.11) g, g e is of type All and E is of type A t . 

(3.12) g, g e is of type CII(i), E is of type B t , a 2t = («2t-i + 2a 2 t + 2a 2 t+i + 
• • • + 2a n ^i + a n )/2, and the rank one symmetric pair corresponding 
to a 2 t is given by (3.7). 

(3.13) q,q 9 is of type Cll(ii), E is of type C t , a n = a n + a n _i and and the 
rank one symmetric pair corresponding to a n is given by (3.5). 

(3.14) q,q 9 is of type DIII(i), E is of type C t , a n = «n, and the rank one 
symmetric pair corresponding to a n is given by (3.1). 

(3.15) g,g 9 is of type DIII(ii), E is of type B t , a n = (a n + a„_i)/2, and the 
rank one symmetric pair corresponding to a n is given by (3.2). 

The next lemma describes the images of the fundamental weights inside P{ii) 
under ~. We use the following notation just for the symmetric pairs listed in 
(3.11)-(3.15) to make the proofs concerning these pairs easier to read. Write 
/ii, . . . , Ht for the set of positive simple roots in E. Thus, {/ii, . . . ,/i t } = 
{<Sj| a.i G ii*}. Similarly, for 1 < % < t, set r]i equal to the fundamental 
weight in -P(E) corresponding to the simple root /Zj. We further set rjo = 
and i] t+ i = 0. 
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Lemma 3.5 Assume thatg, g 9 satisfies the conditions of one of (3.11)-(3.15). 
Set t! = t if q, q 9 is of type All and if g, q 9 is of type Cll(ii), and sett' — t — 1 
otherwise. Then for all 1 < i < t' and < j < t' — 1 we have 

(i) u 2i = 2r)i 

(ii) uj 2 j+i = Vj + Vj+i 

(Hi) If g, q 9 is not of type CII(H) then Cj n = r\ t . 

Proof: The first assertion follows from Lemma 3.1 while the second assertion 
is a straightforward computation using the description of the simple restricted 
roots in (3.10)-(3.16). The last assertion follows from Lemma 3.1, Lemma 
3.2, and the rank one information in the list (3.10)-(3.16).D 

Assume again that g, q 9 is of type All with t > 7. It follows from the 
previous lemma that rji ^ P + (tc) for 1 < % < t. On the other hand, if 
g,g e is one of the cases listed in (3.12)-(3.16) and t > 7, then f] 2 ^ P + (n). 
Now suppose that g, g 9 is of type Cll(ii) and t > 4. Then one checks that 
<jj n = 2i] t . Furthermore, by Lemma 3.5(H), 0J n -i = Vt-i +Vt- Thus r\ t ^ P{k). 
This information is used in the next theorem which determines when P + (n) 
equals P + (S). 

Theorem 3.6 P+fvr) = P + (S) if and only if q,q 9 is not of type EIII, EIV, 
EVII, EIX, or Cll(ii), and g does not contain a 9 invariant Lie subalgebra r 
of rank greater than or equal to 7 such that r, x 9 is of type All. 

Proof: First assume that g, q 9 is not of type EIII, EIV, EVII, EIX, or Cll(ii), 
and g does not contain a 9 invariant Lie subalgebra r of rank greater than 
or equal to 7 such that r, t e is of type AIL If g, g e is not of type EVI, it is 
straightforward to check that each simple root of g satisfies the conditions of 
Lemma 3.4. On the other hand, if g, q 9 is of type EVI, then ib\ = u' 3 , uj 2 = u>' 3 , 
(D5 = W5 and ujq = uj' 6 . Hence P+(7r) = P + (S) in this case as well. 

Now suppose that g, q 9 is of type EIV, EVII, or EIX. A straightforward 
argument shows that uj[ ^ jt. Hence P+(7r) is a proper subset of P + (S) 
in these cases. Consider the case when q,q 9 is of type EIII. Then ©(0:2) = 
—a 2 — 2a 4 — a 3 — a 5 and (O(o; 2 ), a 2 ) = 0. Hence by Lemma 3.1, Cj 2 = 2u' 2 . 
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On the other hand, (cuj, 6t\) 7^ for j ^ 2. Thus u' 2 <£ {d>i, . . . , 0J n }. It follows 
that P + (tt) is not equal to P + (£) in this case as well. 

The remaining cases follow from the discussion preceding the theorem. □ 

Suppose that P + (£) = P+(7r). It follows from Lemma 3.3 that P(E) = 
P{ji). It turns out that this second equality holds for all symmetric pairs. 

Theorem 3.7 The set P(vr) equals P(E). 

Proof: By Lemma 3.3, we only need to show that P(E) is a subset of P(tt). 
Suppose that P + (tt) = P + (£). Then the lemma follows from the fact that 
£ C A. Hence, by Theorem 3.6, we may assume that g, g e falls into one of 
the following two cases: 

(i) g, g e is one of the four exceptional symmetric pairs EIII, EIV, EVII, 
and EIX 

(ii) g is classical and g contains a 9 invariant Lie subalgebra c such that r, t e 
is of type All and the rank of £ greater than or equal to 4. 

Assume g, g e satisfies the conditions of Case (ii). By Lemma 3.5, P(ir) con- 
tains rji and rji + i] i+ i for 1 < % < t — 2. Using an inductive argument, we 
may assume that r]j G P(ir) where j is an integer between 1 and t — 3. Then 
rjj + i = (rjj+i+rjj) —rjj and so rjj + i G P{ix). Thus 771, ... , 774-1 are all contained 
in P(n). Now if g, g 9 is of type All or Cll(ii), then by Lemma 3.5, r] t _ 1 +r] t is 
also in P(7r). Thus since f] t -i G P(vr), so is i] t . On the other hand if E is not 
of type All or Cll(ii), then by Lemma 3.5(iii), i] t G P(V). This completes 
the proof in Case (ii). 

Consider the cases when g, g e is of type EIV, EVII, or EIX. A straightfor- 
ward computation shows that uj[ = u 5 — u 6 and u' 6 = u 3 — Ui. Furthermore, 
by Lemma 3.1, we have cDj = lo\ for i > 7. Thus P{tt) contains all the funda- 
mental restricted roots which imply the lemma for these cases. Now assume 
g,g e is of type EIII. By Lemma 3.1, we have Cj\ = uj[. One further checks 
that uj' 2 = 0J3 — oo\ which completes the proof of the theorem. □ 
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4 Quantum Radial Components 

Throughout this section, we assume that B be a fixed coideal subalgebra in 
B. In this section, we study the map X on the algebra U B which computes 
the quantum radial components. The map X is defined in [L5, Section 3] for 
standard analogs associated to symmetric pairs with reduced root systems. 
After extending the definition to the general case, we explore connections be- 
tween X and the Harish-Chandra projection map Vb- in particular, we show 
that X(U B ) and Vb{U b ) are isomorphic as algebras. As in [L5, Theorem 
3.4], one has that the quantum radial components are invariant under the 
action of the restricted Weyl group W@. Using this fact, we determine the 
possible top degree terms of elements in Vb{U b ) with respect to a certain 
filtration of If. This is a crucial step towards finding the image of U B under 
the quantum Harish-Chandra map Vb- 

Before defining the function X, we review some notions from [L5, Section 
3] which are necessary to define the codomain of this function. Both group 
rings C[Q(S)] and C[A] embed in the right endomorphism ring End r C[P(£)] 
of C[P(E)] as follows. The ring C[Q(S)] acts on C[P(S)] by right multiplica- 
tion. The action of C[A] on C[P(S)] is given by 

z x * T (n) = q (X ^z x 

for all A G P(S) and t([x) G A. Denote the subring of End r C[P(S)] generated 
by C[Q(E)] and A by C[<5(£)]-4. One can localize by the nonzero elements 
of C[Q(E)] to form a new ring C{Q{T))A generated by A and the quotient 
field C(Q(E)) of C[Q(E)]. 

Now C[A] is a left C[Q(E)].A module where elements of A act via left 
multiplication and 

z x . r(/i ) = q^r^) 

for all A G Q(E) and r(/x) G A. Note that g ■ t(/j,) is just a scalar multiple 
of r(/x) for t(/x) G A and g G C[Q(£)]. Given an element / G C[Q(S)]^4 and 
</eC[Q(E)],set 

{fg- 1 )-T(ri = (f.T(ri)((g.T(ri)T(ii)- 1 )- 1 

for all r(/i) G A such that (g ■ r(/i)) is nonzero. 

The restricted Weyl group Wq acts on C[Q(E)]^4 where wt(/3) = t(w/3) 
and w(z^) = z w ^ for all w G W e , r(f3) G A and /i G (5(E). This action of 
W e on C[Q{T)]A extends to an action of W e on C{Q{T))A. 
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Recall that B is a fixed coideal subalgebra of B. Assume that B' is 
another subalgebra of B. Given A G P + (2£), let g\ denote the zonal spherical 
function at A. In particular, g x is a basis vector for the one dimensional space 
of right B and left B' invariants in L(X) ® L(X)*. (For more information 
about zonal spherical functions, see [L4] and [L5].) Since elements of L(A) <8> 
L(X)* can be viewed as functions on U, restriction to U° defines a map from 
L(X) <S> L(X)* to C[P(n)]. Write (p x for the image of g x in C[P(n)] under this 
restriction map. By [L4, Theorem 4.2], (p x is an element of C[P(2E)]. We 
further assume that B' has been chosen so that tp\ is Wq invariant ([L4, 
Theorem 5.3]). The observant reader might notice that B' is not mentioned 
again in the results and discussion below. In addition to being used to specify 
the zonal spherical functions g\, B' is also used to define the map X ([L5, 
Section 3]). So officially, both g\ and X depend on the choice of B' once B is 
fixed. However, the information we get in terms of the Harish-Chandra map 
Vb does not depend at all on B' . 

The following theorem is a generalization of [L5, Theorem 3.6]. 

Theorem 4.1 There is an algebra homomorphism 

X : U B -> {C{Q{Y))A) W& 

such that 

Vx *X(c) = z\V B (c)) V x and g x {cr{(5)) = (ip x * X(c))(r((3)) 

for all ceU B ,Xe P + (2£) ; and r{(3) G A. 

Proof: The results and constructions of [L5, Section 3] generalize to all 
coideal subalgebras in B using Lemma 2.1 and Theorem 2.2 of this paper 
instead of [L5, Lemma 2.1] and [L5, Theorem 2.2]. Thus the existence of a 
map 

X : U B -» (C(Q(Z))A) W ° 

which satisfies the conclusions of the theorem follows from the same argu- 
ments as in the proof of [L5, Theorem 3.6]. Lemma 2.5 and the last assertion 
of [L5, Theorem 3.2] ensure that the image of U B under X is a subset of 
C(Q(Z))A. □ 

In [L5, Section 5], a filtration JF on U is introduced so that B = gr-pB 
whenever B is a standard analog and the restricted root system is reduced 
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([L5, Lemma 5.1]). The filtration is defined using a degree function defined 
by 

(4.1) degXj = degi/iti = for all 1 < i < n 

(4.2) degt" 1 = 1 for all «« G n \ tyq 

(4.3) degt = for all teT @ . 

This filtration can be further extended to U as follows. Given /i G P{^) such 
that jl = J2i m i&i, w e set deg(r(yu)) = J2i m i&i- As explained in the proof 
of [L5, Lemma 5.1], deg9(yi)ti = for all « 8 G ?r\ tt@. Since degtj = —1 
for a.i G it \ 7Te, it follows that deg-Bj = deg(|/jtj + di6{y,i)ti + s^tj = for all 
aj G i\ \ 7T0. The arguments of [L5, Lemma 5.1] can thus be used to show 
that B = gr-pB for all B G B. The rest of [L5, Section 5] extends to the 
nonreduced restricted root system and nonstandard analog cases verbatim. 
The proof of [L5, Theorem 5.8 and Corollary 6.8] shows that there exists a 
formal power series p in the z - ^, jl G Q + (S), such that 

gi r {X{u)) = p-V^PbM)? (4.4) 

for all u G U B . Here we are viewing the ring C(Q(T,))A as embedded in the 
larger ring generated by formal Laurent series in the z~^, fj G Q(S), and 
elements of A (see [L5, Section 3, discussion preceding (3.9)]). 

It should be noted that an explicit formula for p is provided by [L5. 
Lemma 6.6] for standard quantum analogs with reduced restricted root sys- 
tems. However, this formula is not needed in the proof of the first assertion 
of [L5, Corollary 6.8] which is just (4.4) above. Indeed, with the exception of 
[L5, Lemma 6.6], the results of Section 6 also carry over verbatim to all irre- 
ducible symmetric pairs and analogs in B. The results of [L5] and Theorem 
4.1 yield the following isomorphism of rings. 

Corollary 4.2 The map X(u) — > Vb{u) defines an algebra isomorphism 
from X(U B ) onto Vb{U B )- Moreover, the kernel of both X and Vb upon 
restriction to U B is equal to U B n (BT®) + U . 

Proof: Suppose that u G U B . Theorem 4.1 ensures that Vb(u) = if and 
only if X(u) = 0. This proves the first assertion. The second assertion follows 
from [L5, Corollary 6.8] and the comments at the end of [L5, Section 6]. □ 
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Note that the filtration T restricts to a filtration on C[A}. Moreover, the 
degree function which defines T actually gives C[A] the structure of a graded 
algebra. Given X G C[A], let tip(X) be the element of C[A] homogeneous of 
degree deg(X) such that X — tip(X) has degree strictly less than deg(X). We 
can further extend T to a filtration on C(Q(Y>))A by insisting that nonzero 
elements of C(Q(H)) have degree 0. Moreover, the definition of tip can be 
extended to elements of C(Q(H))A. 

The next lemma uses the close connection between X and Vb to gain 
further information about the image of U B under Vb- 

Lemma 4.3 The set {tip(X)|X G Vb{U b )} is a subset of the C span of 

M-2n)\n eP+(E)}. 

Proof: Let u G Vb- By Theorem 4.1, we can write 

tip(*(w))= ]T T(2P)fp 

pes(u) 

for some finite subset S{u) of P(£) and nonzero elements fp G C{Q{T)). 
Theorem 4.1 ensures that X(u) is invariant under the action of Wq. Now 
each W® orbit in P(2E) contains an antidominant weight. Moreover, this 
antidominant weight is smaller than every other element in its W@ orbit 
with respect to the standard partial order on \)* . Applying r yields the 
corresponding result for Wq orbits in A. It follows that —/3 G P + (S) for 
each (3 G S(u). The lemma now follows from the expression for gr-p^X^u)) 
given in (4.4). □ 

5 The ordinary Harish-Chandra map 

In this section, we begin the study of the center of U under the map Vb, for 
B G B. The main tool here is the the ordinary quantum Harish-Chandra 
map, V. We see below that it is easy to compute Vb(z) once V(z) is known. 
Thus we analyze Vb{Z(U)) by exploiting detailed information concerning the 
image of a basis of central elements under the ordinary Harish-Chandra map 
V. This information is used to show that the image of the center Z(U) under 
the map Vb is invariant under a dotted action of the restricted Weyl group 
Wq. As we will see in Section 6, this is enough to show that Vb(U b ) is Wq. 
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invariant for almost all symmetric pairs g, g e . The material in this section 
and the fact that Vb(U b ) is "large" inside oiVsiU 3 ) is used to extend this 
invariance result to the remaining cases in [L6]. 

We recall here the definition of the ordinary quantum Harish-Chandra 
projection. Using the triangular decomposition of U, U admits the following 
direct sum decomposition. 

U = U°®(G-U + UU+). (5.1) 

Let V denote the projection of U onto U° using this decomposition. Let 
B G B. Note that Vb ° V maps U onto C[A]. In general, Vb ° V does not 
agree with Vb- However, the discussion preceding [L5, Theorem 3.6] shows 
that the restriction of Vb to Z(U) is the same function as the restriction 
of Vb ° V to Z(U). Now Vb ° V is the same as the composition of V 
followed by the projection of U° onto C[A] using (2.3). In particular, the 
restriction of Vb to Z(U) is independent of the choice of B G B. Moreover, 
z x {V{z)) = z x (V B (z)) for all z G Z{U) and A G P+(2S). 

A description of a nice basis for the center of Z(U) and the image of 
this basis under V is given in [Jo, Chapter 7] and [JL]. It should be noted 
that these references use the locally finite part of U with respect to the 
left adjoint action. Since we are viewing the center as a subalgebra of the 
(ad r B) invariants of U, it is necessary to translate these results to the setting 
of the right adjoint action. In particular, for each \x G P + (tt) there exists 
a unique central element ^ in t(2/i) + (ad r U + )t(2/i). Moreover, the set 
{ z 2fi\n ^ P + { 7T )} forms a basis for Z(U). Let p denote the half sum of the 
positive roots in A. Given A G P + (n), set 

f(A) = J2 r(w\)q ip ' wX \ (5.2) 

wew 

The next lemma, which describes the image of each of these basis elements 
under V, is a version of [Jo, Lemma 7.1.19] with respect to the right adjoint 
action. 

Lemma 5.1 For all \x G P + (n), 

V{z 2il ) = a 2 l Yj r(2u) dim L(fi) u 

v£P+(tt) 
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where 

«2,= £ (£^' 2tw) ) dim LOu),. 

^eP+(7r) mew 

Proof: Let t be the C algebra involutive antiautomorphism of U defined by 
i(xi) = i/i and t(yi) = Xi for all 1 < i < n, i(q) = q' 1 , and i(t) = t^ 1 for all 
t G U. It is straightforward to show that 

t((ad a)b) = — (ad r t(a))t(6) (5.3) 

for all a G U and b G Ltj, y,| l<i<n}UT. Hence (5.3) holds for all o G U 
and b EU . It follows that 

i((ad f/ + )r(-2/i)) = (ad r U + )r{2fi) 

for all yU G P + (tt). Thus i.{z 2fl ) is the unique central element contained in 
r(— 2/x) + (ad £/+)r(— 2//). Since t preserves both ?7° and GtC/ + C/C/t, it 
follows that t commutes with the map V. In particular V{z 2lx ) = l.(V(l(z 2 ^))). 
Thus by [Jo, Lemma 7.1.19], we have 

V(z 2fl ) = a^l J2 t(2v) dim L(/j,) u 

ueP+(ir) 

where a 2ll is a nonzero scalar. 

Recall the information about zonal spherical functions discussed right 
before Theorem 4.1. The spherical function at is just the basis vector 
go for the one-dimensional module L(0) <g> L(0)*. Rescaling if necessary, we 
may further assume that go(l) = 1. Since U + annihilates L(0), we have 
g (U+) = 0. Now t(2h) G 1 + U+ and (ad r U + )t(2/j,) G £/+. It follows that 
9o{z2n) = fi'o(l)- On the other hand, z°(V(z 2 ^))g (l) = z (Vb(z 2 ^)) = go(z 2 ^). 
Hence z°(V(z2 fi )) = 1 and so 

a 2 » = z°( J2 f(2i/)dimL(ju) 1/ ).D 

^eP+(7r) 

Fix /i G P + (7r). Let u>o denote the longest element of W. Set a = a- 2wofl 
where a,- 2wofl is the scalar defined in the previous lemma for the central 
element z_ 2wofl . Using Lemma 5.1, we can write aV{z- 2w{)il ) as a sum 

b^r(-2fi) + £ 6 7 r(2 7 ) 
y>-H 
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where the 6 7 are scalars. Since dimL(— wofi)-^ = 1, it follows that ft_^ is just 
a power of q times the order of the stabilizer of — \x in W. More generally, 
6 7 G N[q, q' 1 } for each 7. Now V B {z. 2wo n) = ^b ° P^-2^)- Hence 

a^-a^) G (X>_ 7 )r(-2/i) + E <M 2 7)- 

It follows that I] 7= _^&- 7 is nonzero. Thus tip(PB(z_2it; 0/ i) is a nonzero mul- 
tiple of r(— 2/1). Hence 

span{r(-2/i)| /1 G P + (vr)} C {tip(P B (*))l * e Z(fr)}. (5.4) 

The next lemma provides a sufficient, but not necessary, condition for 
V B (Z(U)) to equal V B (U B ). 

Lemma 5.2 // P+fvr) = P+(E) t/ien V B (Z(U)) = V B (U B ). 

Proof: By Lemma 4.3, the set {tip(P B (w))|-u G U B } is a subset of the span 
of the set {r{—2jx)\jj, G P + (S)}. The lemma now follow from (5.4). □ 

Recall that there is a dotted action of W on U° defined by 

w.T(ii)q M = r(w/i)g (pw) 

for all r(/f) in T and w G W. We use the same formula and notation to 
define a dotted action of We on C[A] where now we assume that r(/x) G A 
and u> G W^. By [Jo, 7.1.17 and 7.1.25], the image of Z(U) under the 
ordinary Harish-Chandra map V is invariant under the dotted action of W. 
Let W be the Weyl group generated by the reflections associated to the 
simple roots in 7r e . 

Lemma 5.3 Suppose that f G Z(U). Then P B (f) is invariant under the 
dotted action of the restricted Weyl group Wq. 

Proof: Suppose that w G Wq. Let w be an element of W such that w and w 
agree on Q(S) (see the discussion preceding Lemma 3.3). In particular, we 
can view w as an automorphism of Q(S). Note that X^es Q<5 is orthogonal to 
J2a€n Q(a+©(a)) with respect to the Cartan inner product. It follows that w 
restricts to an automorphism of J^aen Q(cH-0(a:)). Note that the intersection 
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°f J^aeir Q( a + @( a )) with A is just the root system corresponding to tiq. In 
particular, w restricts to an automorphism of the root system generated by 
7Te- It follows that there exists w' G W such that ww' restricts to a diagram 
automorphism of ttq. Now (oti, p) = for all oci G ttq and p G -P(S). Thus 
elements of W restrict to the identity on -P(E). Hence we may replace w by 
ww'. In particular, we may assume that w acts the same as w on Q(H) and 
w restricts to a diagram automorphism of ttq. 

Now suppose p G P(2ir). Note that /i — p = (p + 0(p))/2. Note further 
that (p, a) = (p, to) for all a G 7Te since w is a diagram automorphism on 
7re. Hence (p, p — p) = 0. It follows that 

w.g (AA) r(p) = qb>M) q 0>,-»+fi r ( wti ) 

= q {p ' w ^T{wfi)T{w{fi + 0(p))) 

= qb*»to T ( w p) + g^^r(«;p)(r(«;(p + 0(p))) - 1). 

Thus Vb(w.t(h)) = w.t(j2). It should be noted here that w.r(p) refers to 
the dotted action of the big Weyl group W while w.t(jI) refers to the dotted 
action of the restricted Weyl group Wq. Since w.f = f, it follows that 
w.P B (f) = P B (f). a 

Given p G P + (S), set 

m(2p) = Y, q (ft,2y) r{2-f). 

Note that m(2p) is an element of C[v4] We '. Moreover, the set {m(2p)|p G 
P+(S)} forms a basis for C[A] W@ -. Now tip(m(2p)) = g^ 2 ^'V(2p') where p' 
is the image of p under the longest element in Wq . Hence 

{tip(u)| u G C[A] Wb -} = span{r(-2p)| p G P + (S)}. (5.5) 

The next theorem is part of a series of results that describe the image of U B 
under the map Vb- 

Theorem 5.4 Suppose that q,q 9 is not of type EIII, EIV, EVII, EIX, or 
Cll(ii) and g does not contain a 9 invariant Lie subalgebra r of rank greater 
than or equal to 7 such that t, x e is of type AIL Then Vb{Z(U)) = Vb{U b ). 
Moreover, V B (U B ) = C[A] W °-. 
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Proof: The first assertion follows from Theorem 3.6 and Lemma 5.2. Fur- 
thermore, Theorem 3.6, Lemma 4.3, and (5.4) implies that 

{tip(V B (z))\ z E Z(U)} = span{r(-2/i)| fi E P + (S)}. 

Hence by the discussion preceding the theorem, we have 

{MV B (z))\ z e Z(U)} = {tip(w)| u e C[A\ W& -}. 

Now Theorem 2.6 ensures that Vb{Z(U)) is a subring of C[A]- The theorem 
now follows from the fact, guaranteed by Lemma 5.3, that Vb{Z(U)) is Wq. 
invariant. □ 

The proof of Theorem 5.4 uses the fact that P + (tt) = P + (S) for the 
symmetric pairs under consideration. We see in the next section that this 
is not a necessary condition for the conclusions of Theorem 5.4 to hold. On 
the other hand, we show below that for symmetric pairs g, g 9 of type EIII, 
EIV, EVII, and EIX, we have V B (Z(U)) is a proper subset of C[A] Ws \ In 
particular, the above theorem is not true for these symmetric pairs. Despite 
this failure, we show that the last assertion of the above theorem does hold 
in the remaining four types in [L6, Theorem 4.1]. 

Let Uc(q) denote the C(q) subalgebra of U generated by Xi,yi for 1 < 
i < n and T. Now the center Z(U) is isomorphic to a polynomial ring in n 
variables. Moreover, we may choose the generators of Z(U) to be elements of 
the smaller algebra Uc(q) as i n [J°> Section 7]. In particular, we may restrict 
our attention to the C(q) algebra Uc(g)- 

The next result is proved using specialization techniques and classical 
results. First we recall basic notions concerning specialization. Set A equal 
to the localization C[g]( g _i) of C[q] at the maximal ideal (q — 1). Let U 
denote the A subalgebra of Uc(q) generated by Xi,yi for 1 < i < n, T, and 
(t — l)/(q — 1) for all t G T. We have an isomorphism 

U® A C^U(g) (5.6) 

(see for example [LI, Section 2]). Given a subalgebra S of U, we say that S 
specializes to the subalgebra S of U(q) provided that the image of S D U in 
U(q) is S. 

To make the exposition easier, we assume that g is simply laced and so all 
roots have the same length (which we assume is 2). Ultimately, our focus will 
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be on the four exceptional symmetric pairs where the underlying Lie algebra 
is simply laced of type E 8 . So this additional assumption does not affect 
the next theorem. 

Let h±, . . . , h n be a basis for the Cartan subalgebra f) of g where h t can be 
identified with the coroot of aii via the Killing form. We have that (tj — l)/(q— 
1) is sent to hi for all 1 < % < n under the isomorphism (5.6). More generally, 
if P = J2i m i a i, then (r(/3) — l)/(q — 1) specializes to J2i m ihi- Note further 
that t specializes to 1 for each t G T. Set T 2 = {r(2/x)| ji G P(ir)}. Note that 
(r(2aj) — l)(q — 1) _1 specializes to 2/ij. It follows that the specialization of 
Cp~2] at q — 1 is just the enveloping algebra U(\j) of the Cartan subalgebra 

Let a be the subspace of f) spanned by the set {h — 0(h)\h G t)}. Note that 
h = (h — 9(h))/ 2 for all h G fy defines a projection of f) onto a. Moreover, this 
projection extends in the obvious way to an algebra homomorphism of U(\/) 
onto U(a). Now the image of C[A] under specialization is just U(a). Recall 
that the restriction of Vb to U° sends r(fi) to r(p) for all \i G P(tt). Also, 
Lemma 3.3 ensures that the image of C[T 2 ] under Vb is a subalgebra of C[A]- 
In particular, we have a commutative diagram: 

C[T 2 ] - [/([)) 
I I (5.7) 

C[.A] -► C/(o) 

where the top and bottom maps are specialization and the downward maps 
are algebra homomorphisms defined using ~ . Moreover, all maps in this 
diagram are surjections. 

Let a be a simple root in 7r and let s a denote the corresponding reflection 
in W. For each % such that 1 < % < n, we have 

(U - 1) _ (qfa aaa i- a *)t i - 1) 

Sa ' ¥^ry - (^T) 

(g(P.««««i-«i) - 1) (^ - 1) 



(9-1) (9-1)' 

Since g is simply laced it follows that s a ai = on — (««, a)a. Furthermore, 
(p,a) = 1. It follows that s a ■ (ti — l)(q — 1) _1 specializes to hi — (a^a). 
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In particular, the dotted action of W on U° specializes to the dotted (or 
translated) action of W on U(\)) (see [H, Section 23.3]). A similar argument 
shows that the dotted action of Wq on C[A] specializes to the dotted action 
of Wq on U(a) as defined in [He, Section 2]. Thus we have a commutative 
diagram 

C[T 2 ] W - -> U(\)) w - 

i i (5.8) 

C[A] W °- -> U(a) w ®- 
where the maps are the same as in the commutative diagram (5.7). Note 
that the top and bottom maps are still surjections. 

Theorem 5.5 Suppose q,q 6 is an irreducible symmetric pair of type EIII, 
EIV, EVII, or EIX. Then V B (Z(U)) + C[A] W& - 

Proof: Note that the image of the center Z(U) under the ordinary (quan- 
tum) Harish-Chandra map V is just C\T-2\ W ' ([Jo, Lemma 7.1.17 and 7.1.25]). 
Assume that V B {Z{U)) = C[A} Wb \ Recall that the restriction of V B to Z(U) 
agrees Vb °V. It follows that the map from CfT^]^ to C[»4] We ' in the com- 
mutative diagram (5.8) is surjective. Hence the map from U(i)) w ' to U(a) w& ' 
is surjective. Therefore the image of the center of U(q) under the classical 
Harish-Chandra map associated to q, g e is equal to the entire invariant ring 
U(a) w@ \ This contradicts [He]. □ 

It should be noted that surjectivity of the map from U(\)) w ' to U(a) w& - 
does not imply surjectivity of the map from C[T 2 ] W ' to C[*4] We '. The problem 
is that there are many subrings of C[^4] We ' which surject onto U(a) We \ (One 
such example is C[t 2 |t G *4.] H/e \) The reader is referred to [JL2, 6.13] for a 
similar situation. In particular, it is shown in [JL2] that the center Z(U) of 
the ordinary quantized enveloping algebra U specializes to the center Z(g) 
of U(q). However, for many simple Lie algebras q, Z(U) is not a polynomial 
ring while Z(q) is always a polynomial ring. 

6 The image of the center 

In the classical case, the image of the center of U(q) under the Harish- 
Chandra map associated to the symmetric pair g, $ e is equal to the image 
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of the whole invariant subalgebra U(q) 5 in all but the four exceptional cases 
EIII, EIV, EVII, and EIX. The purpose of this section is to establish the 
quantum version of this result. In particular, we prove the following gener- 
alization of Theorem 5.4 and Theorem 5.5. 

Theorem 6.1 Let g, g e be an irreducible symmetric pair. Then for all B G 
B, V B (Z(U)) = C[A} Wb - if and only if 9 , & e is not of type EIII, EIV, EVII, 
and EIX. Moreover, in these cases, Vb{U b ) = Vb(Z(U)). 

Let B be a fixed coideal subalgebra in the set B associated to g, g, 9 . Write 
t for the rank of the restricted root system associated to g, $ e . Note that when 
g, Q e is of type EIII, EIV, EVII, EIX or P+fvr) = P+(X), then the assertions 
of the theorem follow from Theorem 5.4 and Theorem 5.5. Thus we assume 
in this section that g contains a 9 invariant Lie subalgebra r such that r, x e 
is of type All and the rank of the restricted root system associated to r, x e 
is t — 1. We further assume that t > 4 and g is of classical type. It should 
be noted that all irreducible symmetric pairs not covered in the theorems of 
Section 5 satisfy these conditions. Thus, we prove Theorem 6.1 by showing 
that Vb(Z(U)) = C[A] We ' under precisely these assumptions. 

The possible symmetric pairs that satisfy the assumptions presented in 
the previous paragraph are given in (3.11)-(3.15). As in Section 3, we write 
rji, . . . ,r)t for the fundamental restricted roots and /ii, . . . , ji t for the simple 
restricted roots. We also assume that i] Q = and r] t+ i = 0. 

Now Z(U) is generated by z 2wi , . . . , z 2u j n ([Jo, Section 7.3]). Thus, Theo- 
rem 2.4 ensures that Vb(Z(U)) is generated by Vb(z2wi), ■ ■ ■ ,Ps(-22w n )- On 
the other hand, CpC^ 61 ' is generated by m(2r)i), 1 < i < n. Therefore, in 
order to show Vb(Z(U)) is equal to C^^ 9 ', it is sufficient to express the 
rh(2r)i), 1 < i < n as polynomials in the Pb(-22wJ, 1 < i < n. The first step 
is to write the Pb(-22^J as a linear combination of the rh(2 , y) for 7 G P + (£). 
The next lemma which analyzes dominant integral weights of the form f] r + r] s 
is critical in this process. 

Lemma 6.2 Assume that E is of type A t . Suppose that r and k are positive 
integers so that r < k and r + k < t + 1 . The set of elements of P + (S) which 
are strictly less than r] r + rjk is {^ r _ s + r]fe +s |l < s < r}. 
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Proof: It is straightforward to check that 

s k+i—1 

Vr + Vk-Yl H Vj = Vr-s + Vk+s (6.1) 

i=l j=r~ i+1 

for 1 < s < r. Hence {?7 r - s + % +s |l < j < r} is a subset of the intersection 

of R + % - tIt e Q + (S) \ {0}} with p+(E). 

Suppose that i satisfies 1 < « < t By [H, Section 13.2, Table 1], the 
coefficient of fit in rji written as a linear combination of simple restricted 
roots Hi, . . . , fit is i/(t + 1). Now suppose that 7 is a nonzero element of 
<5 + (S) such that r\ r + rj k — 7 G P + (S). It follows that the coefficient of fi t 
in f] r + T]^ written as a linear combination of the simple restricted roots is 
(r + k)/(t+ 1). On the other hand, the fact that 7 G Q + (S) implies that 
the coefficient of fit in 7 is a nonnegative integer. Since rj r + tfk — 7 is in 
P + (S), the coefficient of fx t in r^ r + rjk — 7 must be nonnegative. Note that 
< (r + &)/(£ + 1) < 1. It follows that the coefficient of fit in r\ T + rjk — 7 
written as a linear combination of the simple restricted roots must either be 
(r + k)/(t + l) or 0. This latter case can only occur if r + k = t + 1. Moreover, 
the only linear combination of the fi\, fi2, ■ ■ ■ , Ht-i contained in P + (S) is 0. 
Hence this latter case happens only when rj r + rjk — 7 = = rj + rj t+ \. 

Now assume that the coefficient of fit in rj t + rjk — 7 is (r + k)/(t + 1). 
Write rj T + rjk — 7 = Yh=i m iVi where the rrii are nonnegative integers. Using 
the previous paragraph, a comparison of the coefficient of fi t in both sides of 
this equation yields 

rriii (r + k) 

?(mr(Fny (6 - 2) 

We do a similar comparison using the restricted root fi\. By [H, Section 13.2, 
Table 1], the coefficient of fi\ in rji is (t — i + l)/(t + 1). Hence the coefficient 
of fi\ in Ylii m iVi written as a linear combination of the fii is 

EmAt - i + 1) ^-^ ^-^ rriii ^ (r + k) 
; = > rrti — / ~, r = > % : 

i (t+ l ) i T(* + 1 ) i (* + !) 

On the other hand, the coefficient of fi\ in rj r + rjk is 

(t-r + l) (t-k + l) _ (r + k) 

(t+1) + (t + 1) ~ (t + 1)' 
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The fact that r\ r + rjk > J2i m>iVi ensures that 

0<E^-^ ± TV<2-^. 
~i (t + 1) (t + 1) 

Since the rrii are nonnegative integers, there are two possibilities. The 
first is that there exists an % with 1 < % < t, rrii — 1, and rrij = for j ^ i. 
By (6.2), the coefficient fit in rj r + rjk — 7 is (r + k)/(t + l). It follows from [H, 
Section 13.2, Table 1] that i = r + k. Thus rj r + rjk — 7 = ^ r +fc = ?7o + ^r+fc- 

In the second case, there exists % and j with 1 < i, j < t, rrii — rrij = 1, 
and rrik = for k <£ {i,j}- Since the coefficient of /i t in r) r + rjk — 7 is 
(r + /c)/(t + 1), we must have that rj r + rjk — 7 = T]i + r)j with % + j = k + r. 
If i > r, then (6.1) implies that r\i + rjj > t] r + Vk- Thus i < r. In particular, 
we can write % = r — s and j = k + s for some 1 < s < r. □ 

Consider the case when g, g e is an irreducible symmetric pair of type 
AIL It follows that the restricted root system is of type A t and the rank n 
of g, is equal to 2t + 1. For this particular irreducible symmetric pair, it 
is straightforward to check that the only elements of Q(tt) fixed by G are 
elements of Q{iie). It follows that for each a G Q{tt), ol — if and only if 
a E Q(n e ). 

Given a root a in the root system A generated by tt, let s a denote the 
reflection in W associated to a. The next lemma determines the number of 
weights in the W orbit of u i+ k whose restriction is equal to r]i_ s + r] k+s where 
k — i or k — i + 1. 

Lemma 6.3 Assume that g,g e is an irreducible symmetric pair of type AIL 
Suppose i is an integer such that 1 < i < (t + l)/2. For all integers s such 
that < s < i, the number of elements in the set 

{13 e Wu2i\P = rh-s + Vi+s] 

equals 2 s . Similarly, suppose < i < t/2. Then for all s such that < s < i, 
the number of of elements in the set 

{(3 e Wu 2i+ i\P = r]i^ s + r] i+1+s } 

equals 2 S+1 . 
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Proof: Fix % such that 1 < % < (t + l)/2. Set 70 = uJ2t- For each s such that 
1 < s < i, set 

7s — ^2i-2s+l — ^2i-2s+2 + <^2i-2s+3 + • • • — UJ 2 i-2s+(4s-2) + ^2i-2s+(4s-l)- 

Recall that fij = a 2 j for 1 < j '< t. Hence by (3.10), if 2j + 1 is not an 
element of the set {2% - 2s + 1, 2% - Is + 2, 2i + 2s - 2, 2i + 2s - 1}, then 
ilsi^j) — 0. Since j is an integer, 2j + l cannot equal 2i — 2s + 2 or 2i + 2s — 2. 
Temporarily set /x = /^t+i = 0. If 2j + 1 = 2i — 2s + 1, then j = i — s and 
ilsiHj) — (^2i-s, fJ'j) = (Vjj/J'j)- Similarly, if 2j — 1 = 2i + 2s — 1 then j = i + s 
and (7 s ,/ij) = (w 2i+s , Hj) = (Vj,^)- Tnus 7s = Vis + Vi+s- ( Note that these 
computations work even in the special case when i = s.) 

We claim that 7 S G Wu 2 i for < s < i. Now 70 = u 2 i and so 70 G Wu 2 i. 
Also, (70, a 2 j) = 1 and in particular, s a2l 7o = 70 -ot 2i = ^21-1-^21 + ^21+1 = 
71 . Hence 71 G Wu> 2 i. Now assume that 7 S G Wu 2 i- It is straightforward to 
check that 

7s+i = 7s - ol 

where 

a = «2i-2s-l + «2i-2s + «2i-2s+l + ' " ' + «2i+2s+l- 

Note that a is a positive root in A. Moreover, (7^, a) = 1. Hence s a 7 s = 7 s +i. 
Therefore, the claim follows by induction on s. 
Note that the set 

{P G Wu 2i \P = m-, + rj i+s } (6.3) 

equals the set 

{PeWu> 2i \p = %}. 

By the discussion preceding the theorem, P — % if and only if /3— j s G Q^e)- 
Recall that W is the Weyl group associated to the root system generated by 
7T0. Since P G W^ s and 7 S — P G Q(7Te), it follows that P G W^7 S . Hence the 
number of elements in (6.3) is equal to |W'|/|Stabw7 s |. 

Set Si = s ai for on G n. Note that W is generated by {s2r+i|0 < r < t}. 
Morever, each s 2 j+i has order 2 while S2j+i s 2r+i = s 2r+\S2j+i for r ¥" 3- 
Hence W is isomorphic to t + 1 copies of Z 2 . Thus |W| = 2 t+1 . On the 
other hand, Stabvi/'7s = {s2r+i|^ 7^ 2i + 2j + 1 for — s < j < s — 1}. It 
follows that StabvK'7s is isomorphic to t + 1 — (2s) copies of Z 2 . Hence 
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|Stat>H/'7s| = 2 m 2s and |W'|/|Stabw7 s | = 2 2s . This completes the proof of 
the first assertion. The second assertion follows in a similar fashion. □ 

We continue the analysis of the case when q, q 9 is of type AIL Note that 
q, g, 9 of type All implies that q is of type A n . Hence u>i is a minuscule funda- 
mental weight for 1 < % < n. (See [M] or [L5, Section 7] for a definition of 
minuscule weight.) In particular, there does not exist 7 G P + (n) such that 
LOi > 7. By Lemma 5.1, there exists a nonzero scalars o^ such that V{aiZ% Ji ) 
is just the sum 

By the discussion following the proof of Lemma 5.1, Pb(ojZ2uJ is a linear 
combination of terms of the form r(2/i) with fi G -P(S). Moreover, the 
coefficients are Laurent polynomials in q with nonnegative integer coefficients 
and the coefficient of r(2uji) is nonzero. Lemma 5.3 ensures that we can also 
write V B{a>iZ2u) % ) as a linear combination of terms of the form rh(2ji) with 
fi G P + (S). The next lemma gives the evaluation at q — 1 of the coefficients 
of the m(2j2) in these sums for some of the Pb^j^J. 

Lemma 6.4 Assume that $,g 9 is an irreducible symmetric pair of type AIL 
Then for each integer i such that 2 < 2i < t + 1, there exist Laurent poly- 
nomials f2s{c[),Q < s < i, such that T J B{z2u> 2 i) i> s a nonzero scalar multiple 
of 

S f2s(q)m( 2r li-s + 2ili+s)- 

0<s<i 

Similarly, for each integer i such that l<2i + l<t+l 7 there exist Laurent 
polynomials f2 S +i{q),0 < s < i, such that Vb{z2u 2i+ i) ^ s a nonzero scalar 
multiple of 

E f2s+i(q)rh( 2 Vi-s + 2rj i+1+s ). 

0<s<i 

Moreover, the coefficients of powers of q in each fj(q) are nonnegative inte- 
gers and fj(l) = 2 j for all 0<j<2i + l. 

Proof: Let i be a positive integer such that % < (t + l)/2. By Lemma 6.2, 
the only restricted dominant integral weights less than or equal to &2i are of 
the form i]i^ s + i] i+s for < s < i. Hence, by the discussion preceding the 



37 



lemma, for each s such that < s < i, there exists a Laurent polynomial 
f2s(q) in q such that 

V B (aiZ 2 u 2i ) = 51 f2s(q)rh( 2 Vi-s + ^r]i+s)- 

0<s<i 

Recall that each VFe orbit of a single element in -P(X) contains a single 
dominant integral weight in P + (E). Hence if we expand out V > B(diZ2u 2i ) as a 
sum of terms of the form r(2/t) with /j G -P(S), it follows that the coefficient 
of r(2r]j_ s + 2r] i+s ) is f2s(q)- On the other hand, this coefficient can be 
computed using the expression of V(az 2u}2i ) in the paragraph preceding the 
lemma. In particular, f2 S (q) is just the sum 

E ^ ] - 

{jeWu>2i\ ; y='ni-s+Vi+s} 

This shows that each f2s{q) is a Laurent polynomial in q with nonnegative 
coefficients. Moreover, /25(f) is just the number of elements 7 in Wu>2i such 
that 7 = 77j_ s +t] i+s . By Lemma 6.3, we have /2 S (1) — 2 2s . This completes 
the proof for the central element Z2u> 2i ■ The proof for -22w 2 ;+i f°H° w s in a 
similar fashion. □ 

Note that the map which sends q( p ' 2r, ^T(2r)i) to z m for each 1 < i < t 
defines an algebra isomorphism from C[A] onto C[P(E)]. For each A G -P(S), 
set 

m(X) = E zl ■ 

The image of m(2A) under this isomorphism is just m(A). In the next few 
lemmas, the computations are done using m(A) instead of m(2A) in order to 
make the notation easier. 

Lemma 6.5 Assume that q,q is an irreducible symmetric pair of type AIL 
Let r and k be two positive integers such that r < k and r + k = t + 1. 
Then for all < j < r, the coefficient of 1 in rh(2uj r -j)rh(2uJk+j) written as 
a linear combination of the set {m(2A)|A G P + (S)} is ( *•)■ 

Proof: Using the isomorphism described above, we replace each m(2A) with 
m(A) in the proof of the lemma. Fix j such that < j < r. Note that 
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if j = r, then m{7] r _j)m{r]k+j) = m(r}o)m(r} t +i) = 1. Since T^ 1 ) = 1, the 
lemma follows in this case. Hence we may assume that j < r. 
Note that 

m{r] r -j) E z Vr - j + J2 NzJ 

J<Vr-j 

and 

m(rj k+j ) E z r > k +i + ]T Nzl - 

Hence 

m(r] r ^ j )m(r] k+j ) E z r,r - j+rik+j + Yl N - 2 ' 7 - 

J<Vr-j+Vk+j 

Now m{r] r -j)m(r]k+j) is We invariant. Hence Lemma 6.2 implies that there 
exists a nonnegative integer a such that 

m(ri r _ j )m(ri k+j ) E mfo-j + i] k+j ) + om(0) 

+ ^ Nm(r} r -j- b + rik+j+b)- 

l<b<r~j 

Furthermore, m(0) is just z° — 1 and a is the coefficient of 1 in m(i] r _j)m(f]k+j) 
Since the root system X is of type A t and r + A; = £ + 1, E admits a 
diagram automorphism d which sends \i r -j to /ifc+j for < j < r — 1. Let Wq 
denote the longest element of the Weyl group We and note that w' = —d. 
We have the following equality of sets 

{w/j, r -j\w E We} = {ww' fi r -j\w E We} = {—w/j, k +j\w E We}- 

Thus if we write 



m(fir-j) = Y, 



z 



li 



l<i<s 

then 



m(Hk+j) = Y 



z 



-n 



l<i<s 

It follows that s = a. Moreover, s is just the number of elements in the 
orbit WeHr-j- Hence s = |We|/|Stabw e // r _,-|. Now Stable AV-j is just 
the subgroup of We generated by the reflections corresponding to the simple 
roots ilk with k ^ r — j. In particular, Stable AV-j is isomorphic to the direct 
product of two groups W\ x W 2 where W\ is the Weyl group associated to 
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a root system of type A r _j_i and Wi is the Wey group associated to a root 
system of type A t - r +j. Hence, by [H, Section 12.2, Table 1] it follows that 

' " e Jl (r-j)\(t + l-r + j)\ \r-jj 

Suppose that S' s is a subset of the set of simple restricted roots {/xi, . . . , fi t }. 
We define here notation associated to S' s which is used in the rest of the sec- 
tion for different choices of subsets T,' s of the set of simple restricted roots. 
Let £' be the sub root system of E generated by T,' s . Let Wq denote the 
Weyl group of £'. For each A G -P(£), let A' be the element of P + (£') such 
that (A - A', 7) = for all 7 G Q(£')- Set 

W 6E.\='.76Q + (E) 



z\ 



Given A G P + (£), set 

m'(A)= £ 

Note that 

m(A) G ^- A 'm , (A') + z A A/". (6.4) 

Moreover, 

m(A)m(/3) G z x - x ' + ^-^'m'(\')m'(f3 f ) + z x+p M. (6.5) 

Consider for the moment the special case when £ s is the empty set. 
Expression (6.5) becomes 

m(A)m(/3) G ^ A+/3 + ^ A+/3 ]T N^ 7 . 

7 eQ+(s)\{o} 

Now suppose that A = i] r and (3 = rjk- It follows from Lemma 6.2 that 
m(f] r )m(rik) can be written as a linear combination of elements in the set 
{m(7? r _ s + i] k+s )\ < s < r}. 

Lemma 6.6 Assume that g,g e is an irreducible symmetric pair of type AIL 
Let r and k be two positive integers such that r < k and r + k < t + 1 . Then 

m(2r] r )m(2r] k ) = £ \m(2r] r ^ s + 2r] k+s ). 

0<s<r \ S J 
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Proof: Once again, we use m(X) instead of rh(2X) in proving this lemma. 
First consider the special case when r = and k — t + 1. Note that this 
forces s = 0. Moreover, m(r)o)m(r] n+ i) = m(0)m(0) = 1 while rt 1 ) = 1. So 
the lemma follows in this case. Now assume that r and s are chosen so that 
< s < r and either r>0ork<t + l. 

Set E' s = {fii\ r — s + 1 < « < A; + s — 1} and note that T! s is the set 
of simple roots for a root system of type A k _ r+2s -i- For each i, the weight 
rfi is just the fundamental weight corresponding to the simple root //j in the 
weight lattice associated to the root system Yl s . Checking the formulas for the 
fundamental weights in [H, Section 3.2, Table 1] yields that rj' r + r] k G Q + (E'). 
Since <5 + (S') is a subset of Q + (E), it further follows that r)' r + i] k G Q + (E). 
Now (Hi, Hb) < for all ^ G T! and ^ 6 E\ E'. Thus (— ^ — i]' k , fi b ) is a 
nonnegative integer for all [i\, e E \ E'. Moreover, since E is a root system 
of type A t , /if, G E \ E' implies that (— ^ — r)' k , Hb) = unless 6 = r — s or 
6 = k + s. 

Now consider the weight 7 = Vr + Vk ~ v'r ~ Vk- The above discussion 
ensures that (7,/ife) = for all ^ 6 S\ {/z r _ s ,/ifc +s } while (7, fib) > 
for yU5 G {/i r _ s ,/i*;+s}- Thus 7 is linear combination of the fundamental 
weights i] r - s and i] k+s with nonnegative integer coefficients. By the previous 
paragraph, (r] r + i] k ) — 7 = r)' r + i] k is in Q + (E). Hence it follows from Lemma 
6.2 that 7 must equal r/ r _ s + i] k+s . In particular, we have 

Vr + Vk -V'r-V'k = Vr-s + Vk+s- (6.6) 

Thus, applying (6.5) to m(X)m(P) yields 

m(rj r )m(rj k ) G z Vr - s+Vk + s m'(r]' r )m'(r] k ) + z Vr+Vk Af. 

Consider the following two ways to expand the product m(r] r )m(r] k ) . The 
first is as a linear combination of terms of the form z 13 for (5 G -P(S) while 
the second is as a linear combination of terms of the form m(X) for A G 
P + (E). Note that the coefficient of z Vr ^ a+rik + s in m(r) r )m(r] k ) written the first 
way is the same as the coefficient of m(i] r ^ s + i] k+s ) in m(f] r )m(r] k ) written 
the second way. By (6.6), z Vr - a+Vk+s is not an element of z Vr+rik M. Hence 
the coefficient of z Vr - s+Vk+s in m(f] r )m(r] k ) equals the coefficient of z Vr - s+rik + 3 
in z Vr - s+Vk + 3, m'(r]' r )m'(r] k ). But this is the same as the coefficient of 1 in 
m! '{rj' r )m' \r] k ) . Recall that the first simple root in E' s is fi r -s+i and so ji r is 
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the s th simple root. Also, there are k — r + 2s — 1 simple roots in E' s . Thus, 
by Lemma 6.5, the coefficient of z Vr - 3+Vk+s in z Vr - s+r,k+s rn' [rj' r )rn' [r]' k ) is 



'k-r + 2s\ 

. s D 



Assume that g, g e is of type AIL Given an integer / such that 1 < 21 < t+1, 
set 

M 2l = Y, 2 2t m(2r ]l . i + 2r ]l+i ). (6.7) 

0<i<r 

Similarly, given an integer I satisfying 1 < 21 + 1 < t + 1, set 

M 2l+l = Yl 2 l+2t m(2r ]l _ l + 2r ]l+1+t ). (6.8) 

0<i<r 

By Lemma 6.4, M k can be obtained from Ps(^2w fc ) by writing the latter 
as a linear combination of the m(2A), for A G P + (S), and evaluating each 
coefficient at q — 1. Let M k be the image of M^ in C[P(E)] obtained using 
the isomorphism described before Lemma 6.5. 

Lemma 6.7 Assume that E is o/ type A t . 

(i) Let I be a positive integer such that 1 < 21 < t + 1. T/ien rh(i]2i) is in 
the span of the set {Pb(z2u 21 )} U {m(2r]/_ : ,)m(2^ + j)| < j < /}. 

(zzj Let / &e a positive integer such that 1 < 2/ + 1 < t+1. Then rh(2i]2i+i) is 
in the span of the set {Vb(z2u, 21+1 )} U {m(2rji-j)m(2r]i + i + j)\ < j < I}. 

Proof: We prove (i). Assertion (ii) follows using a similar argument. We first 
prove that m(rj 2 i) is in the Q span of the set {M 2 /} U {m{rji_j)m{rji + j)\ < 
j < I}. Recall that 

/2A / M \ 

\r J \2i — rj 
for all < r < 2i. Hence 

2*mi+i)^ e ( 2 ;H 2 ;)+2 e ( 2 ;). 

0<r<2i \ ' / \ * / 0<r<i-l \ ' / 
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By Lemma 6.6, it follows that 
m(r)i)m(r)i) + Y 2m(^_ j )m(^ +i ) 

= J2 )m(vi-s + m+a)+ E E 2 \m(rh-j- a + Vi+j+s) 

0<s<l\ S / l<j<l-10<s<l-j \ S / 

= J2 ( )m(rji- s + rji +s )+ J2 E 2 (,■ _ _• ) m (vi-i + m+i)- 

0<s<l\ S J l<j<l-lj<i<l V JJ 

One checks that the subset {(j, i)\l < j < I — 1 and j < i < 1} U {(I, I)} of 
Z x Z is equal to the subset {(j, i)\l < % < I and 1 < j '< i}. Hence 

m{r]i)m{r]i) + J2 2m(^_ i )m(^ +i ) 
= J2 )m(rji- s + rji +s )+ J2 E 2 • _ ■ ) m (vi-i + W+d - 2 n )™(V2i) 

0<s<l\ S / l<i<H<j<i V •?/ \ U / 

= E (( ) + E 2 ( 2 *))m(r n _ s + r ]l+s )-2m(r ]2l ) 

o<s<i\\ s / i<j<s V s vj 

= J2 2 2s m(^_ s + rj l+s ) - 2m(r] 2l ) = M 2l - 2m{r] 2l ) 

0<s<l 

Define X by 

X = V B (z 2uJ2l ) - m(2r]i)m(2r]i) - Y 2m(2r]i. j )m(2r]i +j ). 

By Lemma 6.4 and Lemma 6.6 we can write X — 2rh(2i] 2 i) as a linear combi- 
nation of elements in the set {m{2rji_i + 2rji +i )\Q <i<l}. Set N equal to the 
Q vector space J2o<i<i Q^ivi-i + Vi+i)- The above computations ensure that 
the coefficient of each rh(2^_j + 2^ + j) in X is an element of (g— l)Q[g, q _1 ]N. 
Now Lemma 6.6 implies that the set 

{m(2rn-i)m(2rji +j ) + Qra(2?7 2i )|0 < i < 1} 

is a basis for the Q vector space N/(Qrh(2i] 2 i)). Hence there exist Laurent 
polynomials g , . . . ,g L in Q[q, q^ 1 ] so that 

X - 2m(2r)2i) = E (<? ~ l)fi'im(2^_ i )m(2^ +j ) + (q - l)gim(2r) 2 i). 

0<i<l-l 
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Thus 

X - Yl (V- l)gM 2 m-i)rh( 2 Vi+j) = (2 + (q - l)gi)m{2r] 2l ). 

Q<i<l-1 

The lemma now follows from the fact that 2 + (q — l)gi cannot be zero. □ 

We use Lemma 6.7 to show that a certain set generates C[v4] We ' when 
g, g 9 is of type AIL 

Theorem 6.8 Assume that g,g 9 is of type AIL Then V Z {U)) = C[A} We \ 

Proof: By Theorem 2.6 and Lemma 5.3, we have that Vb{Z(U)) is a subset 
of C[X] v,/e \ Set R = Vb{Z{U)) and recall that R is generated by the set 
{"Pe^wJIl < i < n}. It is sufficient to show that rh(2rjj) G R for all 1 < j '< 
n. We do this by induction on j. It follows from Lemma 3.5 that uj\ = rji. 
Hence Lemma 6.2 and Lemma 6.4 ensure that T > b{z2 U ) 1 ) is a nonzero scalar 
multiple olm{2rii). Therefore, rh(2r]i) is in R. Now assume that rh(2f]i : ) e R 
for all 1 < k < j. Assume first that j is even and write j = 21. By the 
inductive hypothesis, m(2^_j) and rh(2i]i +i ) are both in R for 1 < % < I. 
Hence R contains rh(2i]i^i)rh(2r]i +i ) for 1 < i < I. Now R also contains 
'Pb( z 2ui2i)- Thus by Lemma 6.7(i), R contains m(2ri 2 i). The case for j odd is 
similar using Lemma 6.7(h) instead of Lemma 6.7(i). □ 

We now turn our attention to case where g, g e is not of type AIL It follows 
from Araki's classification [A] and the list in Section 3 ((3.11)-(3.15)) that 
E is a root system of type B t or Ct- Let 7r r denote the subset of simple 
roots in it which span the root system of r. Since the restricted root system 
of r, x has rank t — 1 and r, x e is of type All, it follows that 7r r has 2t — 1 
elements. Moreover, using the standard numbering of the simple roots in 
Dynkin diagrams found in [H], we have that 7r r = {ai, . . . ,«2t-i}- Set W x 
equal to the Weyl group of the root system of r and note that W x is a subgroup 
of W. 

We use below the notation introduced before Lemma 6.6 where S' s = 
{/xi, . . . , /it-i}. Note that S s \ S' s = {/i t }. Hence 

m = z -^ J2 z " f - ( 6 - 9 ) 

7£Q+(S) 

The next lemma gives technical information which relates certain restricted 
roots of g, g, 9 to that of r, x 9 . 

44 



Lemma 6.9 Suppose that g, g e is not of type AIL Then for all i,k, and s 
such that \<r<k<t— 1 and < s < min(r, t — 1 — k) we have 

Vr-s + 7] k+s - 7]' r _ s - T]' k+S = T] r + T] k - T]' r - T]' k . (6.10) 

Moreover, ifT, is of type C t , then (6.10) also holds for s = min(r,t — k). 

Proof: Suppose that r has been chosen so that 1 < r < t — 1. We have 
(Vr ~ vU a j) = f° r an a j £ ^-v Since S' is of type A_i, it follows that the 
coefficient of fi t -i in rj' r is r/t (see [H, Section 12.2]). Hence 

(r) r - r)' r , a t ) = -r(nt-i, a t )/t. (6.11) 

Assume first that S is of type B t . It follows that i] r — i]' r = 2ri] t /t. Hence 
Vr + Vk — Vr ~ Vk = ^( r + k)i] t /t for l<r<k<t — 1 with < s < 
min(r, t — l — k). In particular, i] r + rjk — i]' r — v( k only depends on r + k. This 
proves the lemma when E is of type 5 t . Now assume that E is of type C t , 
It follows from (6.11) that i] r — i]' r = rr] t /t for all 1 < r < t — 1. Now ^ = 
so i] r — i]' r = ri] t /t is also true for r = t. It follows that for 1 < r < A; < t 
with < s < min(r, t — k), we have Vr + Vk — Vr ~ Vk = ( r + k)vt/t- Thus 
Vr + Vk ~ Vr ~ Vk depends only onr + fc which proves the lemma. □ 

Recall [Jo, Lemma 7.1.17 and 7.1.25] that the ordinary Harish-Chandra 
map V defines an isomorphism from Z(U) onto C[r(2A)|A G P(ir)} w \ Fur- 
thermore, the elements f(27) where 7 G P + (7r) defined by (5.2) are contained 
in C[t(2A)|A G P(7r)] H/ '. For each i satisfying 1 < i < n, let Zj be the element 
in Z(£/) such that T 3 ^) = f(2cjj). The following is an extended version of 
Lemma 6.4. 

Lemma 6.10 Suppose that q,q® is not of type AIL Then for each integer i 
satisfying 2 < 2i < t, there exist Laurent polynomials g2s{.q), < s < i, such 
that __^ 

V B {z2i) = Yl 92s{q)rh(2(vi- s + Vi+s)) 

0<s<i 

+ ]T Q(g)r(2(2^-/i t - 7 )) 

7€Q+(S) 
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up to a nonzero scalar. Similarly, for each integer i such that 1 < 2i + 1 < 
t + 1, there exist Laurent polynomials g2 S +i(q), < s < i such that 

V B (z 2i+ i) = E 92s+i(q)rh( 2 (Vi-s + Vi+i+s)) 

0<s<i 

+ E Q(g)r(2(^ + ^ +1 -/i t - 7 )) 

up to a nonzero scalar. Moreover, the coefficients of the powers of q in each 
gj{q) are nonnegative integers and gj{l) = 2 J for < j < 2i + 1. 

Proof: Let ip denote the isomorphism from C[r(2'f)\'-f G -P(tt)] to C[P(7r)] 
defined by ^p(r(2'y)q^ p '' 2 " / ' > ) = z 1 for all 7 G -P(7r). Note that for each i, 
ip(V(zi)) = J2/3£Wuii z U P to a nonzero scalar. Furthermore, 

£ z?= E ^ + E * 7 - (6-12) 

Suppose that 7 G W^ \ W x uii. It follows that there exists a reflection 
s = s a . corresponding to a simple root atj in 7r \ 7r r and elements W\ G W x 
and W2 E W such that 7 = W2sw 1 uj i . We may assume that swiuji 7^ Wicjj and 
thus (aj,wiu>i) is nonzero. We may further assume that there is a reduced 
expression for W2SjW\ equal to the product of the reduced expression for iu 2 , 
s, and the reduced expression for ui\ in that order. It follows that 

Ui-1-aj gQ+(tt). (6.13) 

Now (a,-,^) = since oti G 7r r . Furthermore, uii — WiUi G <5 + (vr r ) because 
tt>i G W t . Thus ((Xj,a) must be nonzero for some a G 7r r . We can write 
7r r = {«!, . . . , ak} for some choice of k with 1 < k < n. Checking the the list 
(3.11)-(3.15), one sees that A is a root system of type A n , C n , or D n . Hence j 
must equal k + 1 and moreover, otj is the last simple root of E. In particular, 
k = t — 1 and a, = /v Hence (6.13) implies that cDj — /if — 7 G Q + (S). Thus 
(6.12) yields 

J2 ^e E z^ + ^W. 

The first assertion of the lemma now follows using (6. 4), (6. 5), and Lemma 
6.4. A similar argument works for the second assertion. □ 

The next lemma provides additional information about the image of cer- 
tain central elements under Vb not covered by Lemma 6.10. 
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Lemma 6.11 The element rh(2rji) is inVB{Z(U)). Furthermore, ifH is of 
type B t then ■m(2r) t ) is in Vb(Z{U)). 

Proof: Fix i with 1 < % < t. Suppose that rji is a minuscule or pseudomi- 
nuscule fundamental weight in P(S) (see [M] or [L5, Section 7]) and that 
Coi = rji. In particular, the only possible weight less than rji is (see [L5, 
(7.2) and (7.3)]). By the discussion before Lemma 6.4, we can write Vb^^) 
as a linear combination of the rh{2^) with 7 G P + (S) and 7 < rji. Hence 
there exist scalars a and b with a nonzero such that V{z2^ i ) = am(2^) + b. 
It follows that m(2rji) G V B (Z(U)). 

Since £ is of type A t , B t , or C t , it follows that rji is a minuscule or 
pseudominuscule weight in -P(S). Moreover, Lemma 3.5(h) ensures that 
Cji = rji. Hence m{2rji) G Vb(Z(U)). Now assume that E is of type B t . 
By Lemma 3.5(h), we have £u n = i] t . The fact that S is of type B t ensures 
that i] t is a minuscule fundamental weight in -P(S). Thus rh(2i] t ) is also in 
V B {Z{U)). □ 

For each 1 < k < n, let Z^ be the image of Vb^zu) in C[P(E)] using the 
isomorphism discussed before Lemma 6.5. In particular, given integers /, k 
such that 2 < 21 < t and 1 < 2k + 1 < t, we have 

^2/ e X! 92s(q)m(rn- s + ^ +s ) + z 2r "AT 

0<s</ 

and 

Z 2 i+i e Yl 92s+i(q)m(r] k _ s + r] k+1+s ) + z Vk+Vk +W 

0<s<l 

where the gj are Laurent polynomials in q satisfying gj(l) = 2K Set 

Z' 2 i= Yl 92s{q)m'{r]' l _ s + r]' l+s ) 

0<s<l 

and 

Z 2i+i= S 92s+i(q)m'(ri k ^ s + ri k+1+s ). 

0<s<l 

Assume for the moment that CpC]^ ' is a subset of Vb{U b ). Lemma 4.3 
and (5.5) imply that 

{tip(«)| u G V B (U B )} ={tip(«)| « G P B (Z(i/))} 

=span{r(-2/i)| /i G P + (S)}. 
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Arguing as in the proof of Theorem 5.4, it then follows that Vb{U b ) = 
Vb(Z(U)) = C[A] We \ Hence the following generalization of Theorem 6.8 
completes the proof of Theorem 6.1. 

Theorem 6.12 Suppose q, q 6 contains a symmetric pair t, x e of type All and 
the rank of the restricted root system associated to t, x e is equal to t — 1 with 
t - 1 > 3. Then the C[A} W& - is a subalgebra ofV B (Z(U)). 

Proof: Let R be the image of Vb{Z(U)) using the isomorphism described 
before Lemma 6.5. In particular, R contains Z k for 1 < k < n. It is sufficient 
to show that m(r]i) G R for 1 < i < t. By Theorem 6.8, the result is true 
when E is of type A t . Hence we may assume that E is of type B t or C t . 
By Lemma 6.11, R contains m(r]i). We use induction along the lines of the 
proof of Theorem 6.8 to show that all the m(r]j) are in R. 

Set t' — t — 1 if E is of type B t and t' — t if E is of type C t . For each 
1 < j '< t — 1, we have that the restriction 77' of rjj to the root system E' is 
just the fundamental weight in P + (E') associated to the root fij. By (6.4) 
and Lemma 6.9, we have that 

m( Vt - s + Vk+S ) e ^+^-«m'(^_ s + V ' k+S ) + z^N 

for all i, k, and s such that 1 < i <k <t — 1, i + k < t', and < s < i. It 
follows from the definition of the Z k and Z' k that 

z 2l ez 2rn - 2T >'iz' 2l + z 2jn N 

for all integers / such that 2 < 11 < t and 

Z23+1 e z^ + ^ +1 -^~^Z' 2j+l + z^ +r >^N 

for all integers j such that 1 < 2j + 1 < t. By (6.5) and Lemma 6.9, we 
further have that 

m{^ s )m(B k+s ) e z*^-<-*m'(rf i _ a )m'(rf k+8 ) + z^^M 

for all i, k, and s such that 1 < i, k < t — 1, i + k < t', and < s < i. 

Assume that m(r]i), . . . , m(n s ) are in R for some 1 < s < t' — 1. Suppose 
that 

s + 1 = 11 for some integer /. (6.14) 
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Arguing as in Lemma 6.7, we can write m'(7f 2 i) as a linear combination of 
Z' 2l and the elements in the set {m f (r)i_j)m' (r)' l+ j) |0 < j < I}. Thus there 
is an element Y in R which is a linear combination of elements in the set 
{Z{\ U {m(r]i_j)m(rii + j)\0 < j < 1} such that 

Y G m(r]2i) + z 2rn M. 

Consider an element 7 G P + (E) such that z 1 G z 2m Kf. By (6.9), we have 
that 2rn - fi t -7 G Q+(E). 

Suppose that E is of type B t . By Lemma 6.11, both m(i]i) and m(r] t ) 
are in P. It follows from the list of the fundamental weights in [H, Section 
13.2] that the coefficient of fit in 2r]i is 21. Hence the coefficient of fit in 7 
must be a nonnegative integer less than or equal to 21 — 1. Recall (6.14) 
that 21 — 1 = s. The table in ([H, Section 13.2]) yields that 7 is a linear 
combination of elements in the set {r]i\ l<i<soii = t}. Hence Y — m(r]2i) 
is in the subalgebra of R generated by the set {m{r]i) \l<i<s or i = t}. The 
fact that Y G R forces m(r]2i) G R. A similar argument shows that m(i]2i+i) 
is in R when s + 1 = 2/ + 1 for some integer I. Recall that we have assumed 
that s < t' — 1 — t — 2. Thus by induction, R contains m(r] 2 ), • • • ,m(r] t -i) 
which completes the proof of the theorem for E of type B t . 

Now assume that E is of type C t . By Lemma 6.11, R contains m(r]i). 
Assume that s + 1 = 21 for some integer /. It follows from [H, Section 
13.2, Table 1] that the coefficient of fit in 2rji is /. Hence the coefficient of 
fit in 7 must be a nonnegative integer less than or equal to / — 1. Note 
that 21 = s + 1 < t. Hence I - 1 < (t - 2)/2. Checking the table in [H, 
Section 13.2], we see that 7 is a linear combination of weights in the set 
{Vi\ 1 ^ i ^ t — 2}. Hence Y — m(i]2i) is in the subalgebra of R generated by 
the set {m(?7i)| 1 < i < t — 2}. Since Y G R, we must also have m(i]2i) G R. 
A similar argument shows that m(i]i + rji+i) is in R for s = 21 + 1. Thus by 
induction, R contains m(?7i), . . . , m(r] t ). □ 

7 Appendix: Commonly used notation 

Here is a list of notation defined in Section 1 (in the following order): 
C, Q, Z, R, N, q, C, 11, Q($), Q+($), P($) P+($), 0, n- © I) © n+, 0, e A, 
( , ), 7T = {«i, . . . , a n }, <, E, 6, a, p(i), vr*, [/, C/,( ), x i? ^, if 1 , T, £/+, G - , 
C/°, r, S p , A + , U, T, C/°, vre M, T e , 0, P 4 , B g , S, V, U n , B, H, F r (U), ad r , 
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U B , Z(U), z x , L(A), C[G] (G a multiplicative group), C[H] (H an additive 
group). 

Defined in Section 2: 

M + Mnu + 

Mr MnG- 

ad left adjoint action 

iV + subalgebra of U + generated by (ad 7W + )C[xj| oti ^ n®} 

N~ subalgebra of G~ generated by (ad M~)C[yiti\oii <£ 7r ] 

Sp t r the sum of weight spaces Sp> with $' — $ 

T> monoid generated by tj , ai G n*, and tj, Oj e 5 

T" group generated by £j for ctj G 7r* 

.4 {t(/x)U6P(tt)} 

f e {r(l/2(f, + Q^))\^eP(n)} 

Vb see Definition 2.3 

A {r(2/i)|/iGP(S)} 

G + algebra generated by %it i 1 for 1 < i < n 

U~ algebra generated by yi for 1 < i < n 

Defined in Section 3: 

Ui fundamental weight corresponding to a,i 

lo\ fundamental restricted weight corresponding to <Sj 

TTi {a.j\ (uj j7 ai) ^ 0} 

0j semisimple Lie algebra with root system 7Tj 

Ej restricted roots of 0j, g,® 

W Weyl group of the root system of q 

W@ Weyl group of the root system E 

Defined in Section 4: 

X the radial component map (see Theorem 4.1) 

C[Q(T,)]A subring of End r C[P(E)] generated by C[Q(E)] and A 

C{Q{T))A localization of C[Q{T)]A at C[Q(E)] \ {0} 

gx zonal spherical function at A 

ipx image of g x in C[P(2E)] 

T filtration on U defined by (4.1), (4.2), and (4.3) 

p see (4.4) 

tip(X) highest degree homogeneous term of X 
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Defined in Section 5: 

V the Harish-Chandra map denned using (5.1) 

z 2 ^ unique central element in r(2/i) + (ad r U + )t(2ji) 

p half sum of the positive roots in A 

r(A) E w&W T(w\)q^ 

a 2 ^ scalar defined in Lemma 5.1 

w longest element of W 

w.q ip ' mu) r(/j,) q (p ' w ^T(w/j,) 

W Weyl group associated to root system of 71q 

Uc(q) C(g) algebra generated by Xi, yi,l <i < n, and T 

A C[g] (g _i) 

U A algebra generated by Xi, yi, 1 < i < n, | _A , t ET 

hi, . . . , h n basis for \) 

T 2 {r(2/i)| tx E P(tt)} 

Defined in Section 6: 

t The rank of E 

r, x e proper maximal symmetric pair in q, $ e of type All 

fj,i, . . . , fM simple positive roots of E 

r)i, ... ,r)t restricted fundamental weights 

Vo ' 

»/t+i ° 

s a reflection in W corresponding to root a 

E' s a subset of {/xi, . . . , /i t } 

£' root system generated by £' s 

A' A' E P(E') and (A - A', Q(E')) = 

W^4 Weyl group of E' 

A/" E w6 e s \e' s E 76Q+(S ) Nz-^-^ 

M fc see (6.7) and (6.8) 

M fc the image of M k in C[P(E)] 

7r r the set of simple roots of the root system of r 

W x the Weyl group of the root system of r 

Zi Zi G Z(U) and V{zi) = f(2ui) 
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the image of Vs^k) in C[P(£)] 



Z' k see the discussion before Theorem 6.12 
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